Quantum fields
on the de Sitter spacetime

lon |. Cotaescu

Abstract

The theory of external symmetry in curved spacetimes we have proposed few years ago allows us to
correctly define the operators of the quantum field theory on curved backgrounds. Particularly, despite of
some doubts appeared in literature, we have shown that a well-defined energy operator can be considered
on the de Sitter manifold. With its help new quantum modes were obtained for the scalar, Dirac and vector
fields on the de Sitter spacetimes. A short review of these results is presented in this report.



Symmetries and conserved observables

The quantum field theory on curved manifolds must be build in local
(unholonomic) frames where the spin half can be well-defined.

The relativistic covariance and the gauge symmetry

Let us consider the manifold (M, g) and a local chart (or natural frame) {z} of
coordinates =" ( i, v,.. = 0,1,2,3). The general relativistic covariance preserves
the form of the field equations under any coordinate transformation ©z — =’ = ¢(x).

The local frames are given by the tetrad fields €;(x) and é/(x), labeled by the local

indices «, 3,... = 0,1,2,3, which have the usual duality and orthonormalization
properties
et =0y, Ehe,=

6 . _ NS N 17,
M_(Sou €n - €o = Nuw , el e _77“7 (1)

where 17 =diag(1, —1, —1, —1) is the Minkowski metric. This metric remains invariant
under the transformations A[A(w)] of the gauge group G(n) = L corresponding to
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the transformations A(w) € SL(2, C) through the canonical homomorphism. In the
standard parametrization, with wW = —wﬂé‘, we have
_iy08g
Alw) = e 2" P, (2)
where S@B are the covariant basis-generators of the sl(2, C) algebra. For small values

of w™* the matrix elements of /A can be written as
NAW)]T, =6+l + -+ (3)

The theory contains matter fields 1 transforming according to a representation p of
the SL(Q, (C) group. The entire theory must be gauge invariant in the sense that it
remains invariant when one performs a gauge transformation

Y(z) — P(z) = plAlz)Y(z) (4)
ea(z) — eq(z) = AJ[A()]es(x) 5
produced by the point-dependent transformations A(x) € SL(2,C) and A|A(z)] €

L.

The general relativistic covariance as well as the tetrad-gauge invariance
are not able to give rise to conserved quantities. These are produced by
Isometries.
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The external symmetry

In general, (M, g) can have isometries that form the isometry group (M) whose

parameters are denotad by &, (a, b, ... = 1..N). Given an isometry ¢¢ € I(M) then,
for each parameter &, there exists an associated Killing vector field defined as

Ko = O¢,9¢|e=0- (6)
Starting with an isometry z — 2’ = ¢¢(x) we introduced the so called external

symmetry transformations, (Ag¢, ¢¢), defined as combined transformations involving
gauge transformations necessary to preserve the gauge [1],

A . O (x
NAL@)T; = EXloc(a)] o

with the supplementary condition A¢—y(z) = 1 € SL(2,C). The transformations
(Ag, ¢¢) leave the field equation invariant and constitute the group of external
symmetry, S(M ), which is the universal covering group of I(M ).

es@), (7)



The transformations of the group S(M ) are

(@) o

In [11] we presented arguments that S(M ) is the universal covering group of I(M).

For small £ the covariant SL(2,C) parameters of A¢(x) = Alwe(z)| can be

expanded as w?ﬁ(af) = 909 () + - - - where the functions

A aw?ff .
W3 G A4 A
0= e~ KL LK) g

depend on the Killing vectors (6).



The generators of any representation

The matter field 1) transforms according to the operator-valued representation
(Ag, p¢) — T/ which is defined as

(TEV)|pe(x)] = plAg(2)]i(x) (10)

and leaves invariant the field equation in local frames, Tng(Tf)_1 = F.

The basis-generators of the representations p of the s(M ) algebra,

oT?
Xy =iz =L+ 5, (11)
0% e
are formed by orbital parts, L, = —iK}'0,, and spin terms [1],
0A§(x) 1 A A
SP(x) =1 — —Q%(2)p(S.5), (12)
e, =2 (S



that depend on the functions (9). These operators can be written in covariant form
according to the Carter and McLenaghan formula [2]

1
ch:—iKgDZ+2Kwye&e p(Saﬁ) (13)

where DZ are the covariant derivatives in local frames associated to the representation

pof SL(2,C).

However, whenever the mater fields are vector and tensors, then the basis-generators
of a tensor representation p,, of the rank 1 can be written in natural frames,

1 ~
Xg“ — —ingu + éKau;yPn(S'uy> : (14)

where V , are the usual covariant derivatives. The point-dependent generators g(az)
are defined as

(S")7; = ehelel (oS¢

el =1i(g"0; — g7 07) . (15)

We say that the operators (25) and (26) are conserved operators since
they commute with the operators of the field equations.
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The de Sitter spacetime

Let (M, g) be the de Sitter (dS) spacetime defined as a hyperboloid in the (1 + 4) -
dimensional flat spacetime, (5,5 7), of coordinates 2, A, B, ... =0,1,2,3,5, and
metric 5;n = diag(1, —1,—1, —1, —1),

577ABzAzB = —R%, R=1/w=+/3/|A]. (16)

The gauge group of the metric 571 plays the role of isometry group of the dS manifold,
G[sn] = I(M) = SO(1,4). We use covariant real parameters, sw’'? = —5w84,
since in this parametrization the orbital basis-generators of the scalar representation of
(G (5n), carried by the spaces of functions over 5V, has the usual form

sLap =i [snac 2505 — snpc 2504 . (17)
A local chart {x} on (M, g), of coordinates x*, u,v,... = 0,1,2,3, is defined
by the functions 2! = 2(z). The identification sL4p = —iK&B)(?N defines the

components in the chart {x } of the Killing vector field K 4 associated to ~wAB.
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Static charts

1. Cartesian coordinates: {ts, T}

with conformal spherical line element: 2. spherical coordinates: {t& re, 0, ¢}

1
. dt> — dr? — — sinh” wry (d6? + sin” 0 d¢?) | (18)
cosh” wry W

ds’® =

_ 1. 1. Cartesian coordinates: {ts, T}

with finite event horizon at wr .
° 2. spherical coordinates: {t,, 75,0, ¢}

dr?
2 2 A2\ 7,2 s 20 102 | e 2 2
ds* = (1 — wrs)dt: — 1_w2f§—rs(d@ + sin“ 0 d¢?) , (19)
where
wr, = tanh wry . (20)



Moving charts

1. Cartesian coordinates: {t, ¥}

with FRW line element, proper time and: 2. spherical coordinates: {757 r 0, ¢}

ds® = dt* — e*'dT - dT = dt* — e™'[dr* + r*(df” +sin” 0 d¢®)].  (21)

1. Cartesian coordinates: {t., T}

with conformal flat line element and: 2. spherical coordinates: {t.,,6,d}

1 — — 1 M
ds* = m(dt% — di - dT) = @[dtg —dr® — r*(d6* +sin” 0 d¢*)].  (22)
where wt,. = —e ! and:
1 1+ wret
ty=t——In (1 — wr?e*! g =—1 Fo=re’t . (23
2wn( wree ), T anl—wrew“ T re (23)
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The principal observables on the de Sitter spacetime

In the case of the dS spacetime, in a chart where we consider the tetrad fields e and
e, we identify £¢ — wAB and a — (AB) such that the generators of an arbitrary
representation p read

X(pAB) :L(AB)—I—Sé)A B) = ZKM 8 + = Q( B)P (S(w) (24)
The covariant forms can be written in local frames,
. 1 4
X(pAB> = —zK(ALAB)DZ+§K(AB)MV6ae p(S 5) (25)

for any field or even in natural frames but only for the vector and tensor fields,

n - 1 QU
X(AB) = _/I/K(LAB)VM + §K(AB)M;V/0”<S'LL ) (26)
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name {ts, Ts} {t,r}

definition any gauge diagonal gauge
Energy:

H = CUX(O5) = z’@ts — 25’,5 — ZLL)CCZ@Z
Momentum:

P, = LU(X(5Z-) — X(Oz')) Ref. [1] — —10;

Angular momentum:

Jz'j = X(zy) sim. = —7;(5132(9]' — 33]8@) -+ ,O(SZ])

More three generators:

{te, T}

diagonal gauge
—z’w(tc(?tc + SCZa@)
id.

id.

N; = w(X(5) + X))  do not have an immediate physical meaning.

The specific features:

1. The momentum and energy operators do not commute among

themselves,
[H, PZ] — inZ- .

(27)

2. The energy operator H is well-defined only on restricted domains where
K o5 1s time-like. For this reason some people asks whether and how the

energy can be measured.
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The problem of the energy operator

Where the Killing vector & ) is time-like 7

chart {t,, &5} {t,, T} {t, ) {t., 7
light-cone domain (Wrs < Den. 15 < |t4] wret <1 r < |t
K(O5) <_%707070> (_5707070) (_%7$17x27373) (t& x17$27x3>

9(Ks), Koz) >0 1—=w?2>0 71,>0 S —r%e* >0 t2—r">0
Conclusions:

1. The Killing vector Ky is time-like inside the light-cone of any given
chart.

2. The energy operator [ is well-defined on the entire domain where an
observer can measure physical events.
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Quantum modes on the de Sitter manifold

The quantum modes are determined by complete systems of commuting operators
(c.s.c.0.) formed by the operator of the field equation £ - of the scalar (S), Proca (V),
Maxwell (M) and Dirac (D) - and various generators commuting with £. Among them we
consider the operators H, P;, J; = %aijjk = L; + p(S;) and the helicity operator,

— —

W=P-J. (28)
The operator of the momentum direction, }5 is no longer a differential one being defined
as

P =PVpP? (29)
In addition we define the normalized helicity operator

W=~P.-J. (30)
These operators obey the following commutation rules:

H,W]=iwW, [H,P]=0, [HW]=0. (31)
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The analytically solvable scalar quantum modes

chart/c.s.co.  {Eg H,L? Ly}  {Es, P2 L? L3} {Eg, P} {Eg, H, P}
spherical waves spherical waves plane waves plane waves

{ts,r5,0,0}. Avis, Isham, Storey, [3] ? no no

{t,z}, {t., T no no Chernikov, Tagirov [4] Cotaescu [5]

The analytically solvable vector quantum modes

chart/c.s.c.o. {Ey, H,J% J3} {Ey,P% J% J;3} {Ev,P, W} {Ey, H P, W}

spherical waves spherical waves plane waves plane waves
{ts, 75,0, 0}. Higuchi [6] ? no no
{t,z}, {t., ¥} no no Cotaescu [7] (m = 0) Cotaescu [8]
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The analytically solvable Dirac quantum modes

chart/c.s.c.o.
gauge

{t87 Is, (97 ¢}

diagonal gauge

{t87 Is, 97 ¢}

Cartesian gauge

{t7 T? 97 ¢}

Cartesian gauge

{t, 7}, {te, T}

diagonal gauge

where K is the Dirac angular operator.

spherical waves

Otchik [9]

Cotaescu [10]

Cotaescu [14]

no

spherical waves

?

Shishkin [12]
Cotaescu [13]

no
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plane waves

no

no

no

Cotaescu [11]

{Ep, H,J% K, J3} {Ep, P2, J% K, J5Y {Ep,P,W} {Ep, H,P,W}

plane waves

no

no

no

Cotaescu [14]



The free quantum fields in moving charts

In the moving charts, {¢, ¥} and {t., T}, the principal quantum fields minimally coupled
to gravity can be expanded as mode integrals in the momentum basis.

The massive charged scalar field

The scalar field ¢ satisfy the Klein-Gordon equation
(87 — e ™' A+ 3wd; +m?) ¢(z) = 0. (32)

The expansion in the momentum basis,

ola) = 6a) + 6 )a) = [ dp [falald) + WP . o9
can be done using the fundamental solutions

I /= 1
) =5\ Sanpn

e—Bwt/QZk (B e—wt> eiﬁ-f’ Zk<8) _ 6—771{/2]_[;;)(8)
W
(34)
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m2 9

where k = —7 — - These modes satisfy the orthonormalization relations

(fo fr) = =[5 ) =00 = D), (fp f3) =0,

with respect to the relativistic scalar product

(6,8) = i / P e §*(z) 8, ¢ (x).

and the completeness condition

<

i / &p f(t,T) O fo{t, T) = e 16T - 7).

The massive charged vector field

This field obeys the Proca-type equation
2
0, (B A;) — AAy + % Ay =0,

c
2

D2 A, — AAy — OR(0tA) + Op(0A;) + ‘;—2 A =0,

C
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(38)
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where ;1 = m /w, while the Lorentz condition reads

2
0;A; = 8,50140 — t_ Ap. (40)

C

The mode expansion in the momentum basis,
A=A 4 A
/dng{U 5, A) + U AP, M)} (41)

involve fundamental solutions, U|p; A], which satisfy the Proca equation, the Lorenz
condition, the eigenvalue equations

P'UR, A =p U, A, WU, A =pAUp, A, (42)
and the orthonormalization relations
(U, AU, X]) = owd’ (= 7). (43)

with respect to the relativistic scalar product
ALA) = = (A ) = =i [ $o A3(0.7) B Afte7) . o
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These solutions are of the form

Ulp; Ali(z) = {ﬁ(tc,p) i (71 >‘)

and

where 71, = p/p and
ate.,p) = Nye 2
V(tcap) — ‘NYZG_TTI(J

with the notations k = =5 — 7 and
1 1
N, — VT N, - N4 wp
2 (2 )3/2 ) (27T)3/2 m

(49)

(50)



The polarization vectors e(1i,, ) of the helicity basis are longitudinal for A = 0, i.e.
e(1,, 0) = 1, while for A\ = %1 they are transversal, p’- €(17,,, 1) = 0. They have
c-number components which satisfy

eliip, A)" - €(7ip, N') = v, (51)
€(1ip, A)* N €Ty, \) = tAT,, (52)
Z €i<ﬁp; )\)>I< Bj(ﬁp, )\) = 6@']’ . (53)

A

The massless limit makes sense only if we take 3(¢, p) = (¢, p) = 0 which leads to
the Coulomb gauge of the Maxwell free field, Ay = 0 and 0; A; = 0. [8]

The Maxwell field in Coulomb gauge

Ap(x) = 0,
Ai(z) = / &’k Y [ei(ﬁk,A)fg@)a(/% A) + [eildin, A) fy(@)] a* (k. A)}(EA)
IS expanded in termsAo_fT:ndamental solutions of the d’Alambert equation,
frlz) = 1 1 e—z'/ctcﬂ'/;’.f, (55)

(2m)*2 /2K
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The massive Dirac field

The Dirac field 1) satisfies the free equation £/p1) = ma). In the Cartesian gauge with
the non-vanishing tetrad components

| | 1 y ]
68 = —wt,, e;- = —5;- wt,. é8 = 63- = —5;- — (56)
C C
the Dirac operator reads
. - 31w
ED — —ZU)tC (’}/Oatc + "}/Zaz) + 770
. 31w
= z'vo@t + ie‘“’tvz(% + 7’}/0 : (57)

and the relativistic scalar product is defined as

W) = [ doe ) (5)
D
The mode expansion in momentum basis

Wt 7) = v 3) + (¢, T)
- / ’pY  [Upo(®)alp, o) + Vio(x)b (7, 0)] . (59)
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Is written in terms of the fundamental spinors of positive and negative frequencies with

momentum p and helicity ¢ that read

1 7k/2 (1) —wt o
Uﬁg<t, f) = 1N 2 € H’/(lgqe > 50 (ﬁ) ezp-x—Zwt
: o 6—7T/€/2[{V+ (qe—wt> ‘Sa(ﬁ)

Violt, @) = iN | 7 e~ 21(21)52)(%‘ V10(P) | —ipi—2wt
| %67Tk/2HV+ (qe_ t) 770(]3)

where ¢ = p/wand N = (2;)3/21 /Tq.

The Pauli spinors &, (p) and 1, (D) = 103|&,(p)|* of helicity 0 = +1/2 satisfy
5'1750(17):22?050(@» 5'5”0(@:—2p0770(17)-
Thus we obtain fundamental spinors which have the properties
Pi Uﬁ,a — pZ Uﬁ,a 3 PZ ‘/;7,0 — _pi ‘/;7,0 3
%4 Uﬁ,g — pO’Uﬁjg , %4 Vﬁ)g — —pO’V}iU .
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Moreover, these spinors are charge-conjugated to each other,
77 \T - 2.0
‘/;770- — (Uﬁ;O—)C — C(Uﬁa) ) C — Z,y ,y ,
satisfy the ortonormalization relations

<Uﬁ,07 Uﬁ’,a’> — <‘/ﬁ,07 ‘/1;7’,0’> — 500’53(ﬁ_ ﬁ/> )
<Uﬁ,07 ‘/;7’,0’> — <V;7,07 Uﬁ’,0’> =0,

and represent a complete system of solutions,

/ P Y [Upat BV (0. 7) 4 Vo 1BV (0,7)] = e 6%(&
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The massless Dirac field

In the case of ™ = 0 the fundamental solutions of the left-handed massless Dirac field
read

U0 (1 2) = tim =0 (4
> (T, ) = 1IM 50 \ley T
po k—0 2 b
3/2
_ (_Wtc> / ((% ~ 0)&(@) o il (69)
27 0
1 — 75
O =\ . "~ —
‘/;7,0(7507 Q?) o ll-gli% 9 %,U(t& ZC)
3/2
— —Cdtc / (% + 0-)770(25) eiptc—iﬁ-f (70)
27 0 ’
are non-vanishing only for positive frequency and o — —1/2 or negative frequency and

g = 1/2, as in Minkowski spacetime. Obviously, these solutions have similar properties
as (65)-(64).
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Canonical quantization

The patrticle (a, aT) and antiparticle (b, bT) operators fulfill the standard anticommutation
relations in the momentum representation,

{a(p,0),d'(p",0")} = {b(p,0),b'(p", )} = bswd’(F— "), (71)
since then the equal-time anticommutator takes the canonical form

{w(t,Z), v(t,2")} = e (T — 1) . (72)

In general, the propagators are constructed using the partial anticommutator functions,
SE 7 — 2 = i H (L, 3), 9, 7} (73)
or the total one S = S(t) + S For example, the Feynman propagator,
Sr(tt', @ — &) = i (0| Ty (2)¥ ()] |0) (74)
=0t —thSHt,d, 2 -2 -0t —t)ST ¢, v,z -2,  (75)
is the causal Green function which obeys

[Ep(x) —m]Sp(t, t, @& — &) = —e 5%z — o). (76)
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The set of commuting operators of the momentum basis

The one-particle operators which are diagonal in the momentum basis are the
momentum

=: (¢, P'4) :=/d3pp Z p,o) +0'(p,0)b(p,0)] . (77)
the helicity (or Pauli-Lubanski) operator,
— w.wo) = [ #0 3 po (7, alF0) + VG NF)] 9

and the charge operator
Q= ()= | 03 [al(7.0)alp0) D E M) 09

Thus the momentum basis of the Fock space is formed by the common eigenvectors of

the set {Q, P", W 1.
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The Hamiltonian operator

The Hamiltonian operator H =: (v, H1)) : is conserved but is not diagonal in this
basis since it does not commute with P* and W. Its form in momentum representation
can be calculated using the identity

HUz,(t,7) = —iw ( 'O, + 3) Uy (t, T), (80)

and the similar one for V; -, leading to

o= [ #or 3 [d5.0) 3y alpo) +05.0) By i) o

where the derivatives act as f 8 h = foh — (0f)h.

These new properties are universal, since similar formulas hold for the
scalar and vector fields.
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Concluding remarks

1. The energy operator is well-defined wherever measurements can be
done.

2. The quantum modes are globally defined by complete systems of
commuting operators on the whole observer's domain.

3. The charge conjugation is point-independent and, therefore, the vacuum
IS stable.

4. Consequently, the modes created by the same c.s.c.o. in different
charts can be related among themselves through combined transformations
without to mix the particle and antiparticle subspaces.
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