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THE THEORY OF FREE FIELDS ON DE
SITTER UNIVERSE

Dirac field

• De Sitter metric:

ds2 = dt2 − e2ωtd~x 2 =
1

(ωtc)2
(dt2c − d~x 2), ω > 0, ωtc = −e−ωt (1)

gµν = ηα̂β̂e
α̂
µe

β̂
ν (2)

• In the Cartesian gauge the nonvanishing tetradic components are:

e0
0̂

= −ωtc, ei
ĵ

= −δi
ĵ
ωtc, e0̂

0 = − 1

ωtc
, eîj = −δ îj

1

ωtc
. (3)
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• Action for Dirac field

S [e, ψ] =

∫
d4x
√
−g
{
i

2
[ψ̄γα̂Dα̂ψ − (Dα̂ψ)γα̂ψ]

−mψ̄ψ
}
, (4)

where
Dα̂ = eµα̂Dµ = ∂α̂ + Γα̂ (5)

• In this gauge the Dirac operator reads:

ED = iγ0∂t + ie−ωtγi∂i +
3iω

2
γ0

= −iωtc(γ0∂tc + γi∂i) +
3iω

2
γ0 (6)

• the Dirac equation

(ED −m)ψ = 0 (7)

• The fundamental solutions are:

U~p, λ(t, ~x ) = i

√
πp/ω

(2π)3/2

(
1
2e
πk/2H

(1)
ν− (qe−ωt)ξλ(~p )

λe−πk/2H
(1)
ν+ (qe−ωt)ξλ(~p )

)
ei~p·~x−2ωt

V~p, λ(t, ~x ) = i

√
πp/ω

(2π)3/2

(
−λe−πk/2H(2)

ν− (qe−ωt)ηλ(~p )
1
2e
πk/2H

(2)
ν+ (qe−ωt)ηλ(~p )

)
e−i~p·~x−2ωt , (8)
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• Charge conjugation
U~p, λ(x)→ V~p, λ(x) = iγ2γ0(Ū~p, λ(x))T . (9)

• The orthonormalization relations :∫
d3x(−g)1/2Ū~p, λ(x)γ0U~p ′, λ′(x) =∫
d3x(−g)1/2V̄~p, λ(x)γ0V~p ′, λ′(x) = δλλ′δ

3(~p− ~p ′ )∫
d3x(−g)1/2Ū~p,λ(x)γ0V~p ′,λ′(x) = 0, (10)

∫
d3p
∑
λ

[
U~p, λ(t, ~x )U+

~p, λ(t, ~x
′) + V~p, λ(t, ~x )V +

~p, λ(t, ~x
′)
]

= e−3ωtδ3(~x− ~x ′). (11)

• The field operator

ψ(t, ~x ) = ψ(+)(t, ~x ) + ψ(−)(t, ~x )

=

∫
d3p
∑
λ

[
U~p, λ(t, ~x )a(~p, λ) + V~p, λ(t, ~x )b+(~p, λ)

]
. (12)

• Canonic cuantization

{a(~p, λ), a+(~p ′, λ′)} = {b(~p, λ), b+(~p ′, λ′)} = δλλ′δ
3(~p− ~p ′ ) , (13)
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{ψ(t, ~x ), ψ(t, ~x ′ )} = e−3ωtγ0δ3(~x− ~x ′ ) , (14)

SF (t, t′, ~x− ~x ′ ) = i〈0|T [ψ(x)ψ(x′)]|0〉
= θ(t− t′)S(+)(t, t′, ~x− ~x ′ )
−θ(t′ − t)S(−)(t, t′, ~x− ~x ′ ) . (15)

[ED(x)−m]SF (t, t′, ~x− ~x ′ ) = −e−3ωtδ4(x− x′). (16)

• Conserved operators

Pi =: 〈ψ, P iψ〉 :=

∫
d3p pi

∑
λ

[a+(~p, λ)a(~p, λ) + b+(~p, λ)b(~p, λ)] (17)

W =: 〈ψ,Wψ〉 :=

∫
d3p

∑
λ

pλ[a+(~p, λ)a(~p, λ) + b+(~p, λ)b(~p, λ)] . (18)

H =
iω

2

∫
d3p pi

∑
λ

[
a+(~p, λ)

↔
∂ pi a(~p, λ) + b+(~p, λ)

↔
∂ pi b(~p, λ)

]
. (19)
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•

[H,P i] = iωP i. (20)

Scalar field

• Action of the scalar field

S [φ, φ∗] =

∫
d4x
√
−gL =

∫
d4x
√
−g
(
∂µφ∗∂µφ−m2φ∗φ

)
, (21)

• The Klein-Gordon equation:

1√
−g

∂µ
[√
−g gµν∂νφ

]
+ m2φ = 0 . (22)

(
∂2
t − e−2ωt∆ + 3ω∂t + m2

)
φ(x) = 0 . (23)

• Solutions of Klein-Gordon equation:

f~p (x) =
1

2

√
π

ω

e−3ωt/2

(2π)3/2
e−πk/2H

(1)
ik

(p
ω
e−ωt

)
ei~p·~x , (24)
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k =
√
µ2 − 9

4 , µ =
m

ω
,m > 3ω/2 (25)

• The orthonormalization relations:

i

∫
d3x (−g)1/2 f ∗~p (x)

↔
∂t f~p ′(x) =

−i
∫
d3x (−g)1/2 f~p (x)

↔
∂t f

∗
~p ′(x) = δ3(~p− ~p ′) , (26)

i

∫
d3x (−g)1/2 f~p (x)

↔
∂t f~p ′(x) = 0 , (27)

i

∫
d3p f ∗~p (t, ~x )

↔
∂t f~p (t, ~x ′) = e−3ωtδ3(~x− ~x ′) . (28)

• Canonic cuantization

φ(x) = φ(+)(x) + φ(−)(x) =

∫
d3p
[
f~p (x)a(~p ) + f ∗~p (x)b+(~p )

]
, (29)

[a(~p ), a†(~p ′)] = [b(~p ), b†(~p ′)] = δ3(~p− ~p ′) . (30)

•
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[φ(t, ~x ), ∂tφ
†(t, ~x ′)] = ie−3ωtδ3(~x− ~x ′) . (31)

• The commutator functions:

D(±)(x, x′) = i[φ(±)(x), φ(±)†(x′)], (32)

D(+)(x, x′) = i

∫
d3p f~p (x)f ∗~p (x′),

D(−)(x, x′) = −i
∫
d3p f ∗~p (x)f~p (x′). (33)

• G(x, x′) is a Green function of the Klein-Gordon equation if:(
∂2
t − e−2ωt∆x + 3ω∂t + m2

)
G(x, x′) = e−3ωtδ4(x− x′) . (34)

DR(t, t′, ~x− ~x ′) = θ(t− t′)D(t, t′, ~x− ~x ′) , (35)
DA(t, t′, ~x− ~x ′) = − θ(t′ − t)D(t, t′, ~x− ~x ′) , (36)

8



• The Feynman propagator,

DF (t, t′, ~x− ~x ′) = i〈0|T [φ(x)φ†(x′)] |0〉
= θ(t− t′)D(+)(t, t′, ~x− ~x ′)− θ(t′ − t)D(−)(t, t′, ~x− ~x ′) ,

(37)

The electromagnetic field

• The action

S [A] =

∫
d4x
√
−gL = −1

4

∫
d4x
√
−g FµνF µν, (38)

Fµν = ∂µAν − ∂νAµ

• Field equation
∂ν(
√
−g gναgµβFαβ) = 0 , (39)

• In the Coulomb gauge A0 = 0, (Ai) ; i = 0 ,a̧nd chart {tc, ~x}

(∂2
tc
−∆)Ai = 0 (40)
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• The field operator

Ai(x) = A
(+)
i (x) + A

(−)
i (x)

=

∫
d3k
∑
λ

[
ei(~nk, λ)f~k (x)a(~k, λ) + [ei(~nk, λ)f~k (x)]∗a∗(~k, λ)

]
(41)

f~k (x) =
1

(2π)3/2

1√
2k
e−iktc+i

~k·~x , (42)

• the Hermitian form

〈f, g〉 = i

∫
d3x f ∗(tc, ~x )

↔
∂tc g(tc, ~x ) , f

↔
∂ g = f (∂g)− g(∂f ) (43)

• The orthonormalization relations:

〈f~k , f~k ′〉 = −〈f ∗~k , f
∗
~k′
〉 = δ3(~k − ~k ′ ) , (44)

〈f~k , f
∗
~k ′
〉 = 0 , (45)

i

∫
d3k f ∗~k (tc, ~x)

↔
∂tc f~k (tc, ~x

′ ) = δ3(~x− ~x ′ ) , (46)

~k · ~e (~nk, λ) = 0 , (47)
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~e (~nk, λ) · ~e (~nk, λ
′)∗ = δλλ′ , (48)∑

λ

ei(~nk, λ) ej(~nk, λ)∗ = δij −
kikj

k2
. (49)

• In local frame

Aî (x) = e · j
î ·Aj =

∫
d3k
∑
λ

[
wî(~k,λ)(x)a(~k, λ) + [wî(~k,λ)(x)]∗a∗(~k, λ)

]
. (50)

• Conformal transformation
gµν(x) = Ω(x)ηµν, (51)

gµν(x) = Ω−1(x)ηµν, ds2 = Ω ds2
c, (52)

Aµ = A′µ ; Aµ = Ω−1A′µ. (53)

• Quantization
[a(~k, λ), a†(~k ′, λ′)] = δλλ′δ

3(~k − ~k ′ ) . (54)

[Ai(tc, ~x ), πj(tc, ~x
′ )] = [Ai(tc, ~x ), ∂tcAj(tc, ~x

′ )] = i δtrij (~x− ~x ′) , (55)

11



• The momentum density

πj =
√
−g δL

δ(∂tcAj)
= ∂tcAj (56)

δtrij (~x ) =
1

(2π)3

∫
d3q

(
δij −

qiqj

q2

)
ei~q·~x (57)

• Conserved operators

P l =
1

2
δij : 〈Ai, (P

lA)j〉 :=

∫
d3k kl

∑
λ

a†(~k, λ)a(~k, λ) , (58)

H =
1

2
δij : 〈Ai, (HA)j〉 : (59)

W =
1

2
δij : 〈Ai, (WA)j〉 : =

∫
d3k k

∑
λ

λ a†(~k, λ)a(~k, λ) (60)
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[H,P i] = iωP i , [H,W ] = iωW , [W ,P i] = 0 , (61)

(Hf~k) (x) = −iω
(
ki∂ki +

3

2

)
f~k (x) (62)

H =
iω

2

∫
d3k ki

[
a†(~k, λ)

↔
∂ ki a(~k, λ)

]
, (63)

• The commutator functions

D
(±)
ij (x− x′) = i[A

(±)
i (x), A

(±) †
j (x′)] (64)

D
(+)
ij (x− x′) = i

∫
d3k f~k (x)f~k (x ′)∗

(
δij −

kikj

k2

)
(65)

D
(+)
ij (x− x′) =

i

(2π)3

∫
d3k

2k

(
δij −

kikj

k2

)
ei
~k·(~x−~x ′ )−ik(tc−t′c) (66)
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• at equal times,

∂tcD
(+)
ij (tc − t′c, ~x− ~x ′ )

∣∣∣
t′c=tc

=
1

2
δtrij (~x− ~x ′ ) . (67)

• The transversal Green functions(
∂2
tc
−∆x

)
Gij(x− x′) = δ(tc − t′c)δtrij (~x− ~x ′ ) (68)

şi ∂iGi·
·j(x) = 0.

DR
ij(x− x′) = θ(tc − t′c)Dij(x− x′) , (69)

DA
ij(x− x′) = −θ(t′c − tc)Dij(x− x′) , (70)

• The Feynman propagator ,

DF
ij(x− x′) = i〈0|T [Ai(x)Aj(x

′)] |0〉
= θ(tc − t′c)D

(+)
ij (x− x′)− θ(t′c − tc)D

(−)
ij (x− x′) , (71)
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Interaction between Dirac field and
electromagnetic field

• The action for interacting fields:

S [e, ψ,A] =

∫
d4x
√
−g
{
i

2
[ψ̄γα̂Dα̂ψ − (Dα̂ψ)γα̂ψ]

−mψ̄ψ − 1

4
FµνF

µν − eψ̄γα̂Aα̂ψ

}
, (72)

• Equations for fields in interaction

iγα̂Dα̂ψ −mψ = eγα̂Aα̂ψ,
1√

(−g)
∂µ

(√
(−g)F µν

)
= eeνα̂ψ̄γ

α̂ψ. (73)

15



Interaction between scalar field and
electromagnetic field

• The action

S [φ,A] =

∫
d4x
√
−g
{

(∂µφ†∂µφ−m2φ†φ)− 1

4
FµνF

µν

−ie[(∂µφ†)φ− (∂µφ)φ†]Aµ + e2φ†φAµA
µ

}
. (74)

• Equations for fields in interaction

1√
−g

∂µ
[√
−g gµν∂νφ− ie

√
−gφAµ

]
+ m2φ = ie(∂µφ)Aµ + e2φAµA

µ,

1√
(−g)

∂µ

(√
(−g)F µν

)
= −ie[(∂νφ†)φ− (∂νφ)φ†]

+2e2φ†φAν. (75)
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The in out fields

• The equation of the interaction fields in the Coulomb gauge

(∂2
tc
−∆x) ~A(x) = eψ̄(x)~γψ(x) (76)

• Solution:

~A(x) =
~̂
A(x)− e

∫
d3ydt′cD

G(x− y)ψ̄(y)~γψ(y), (77)

~A(x) =
~̂
A(R/A)(x)− e

∫
d3ydt′cDR/A(x− y)ψ̄(y)~γψ(y), (78)

• the free fields , ~̂A(R/A)(x) satisfy:

lim
t→∓∞

( ~A(x)− ~̂
A(R/A)(x)) = 0. (79)

• The fields in/out:

√
z3
~Ain/out(x) = ~A(x) + e

∫
d3ydt′cDR/A(x− y)ψ̄(y)~γψ(y). (80)

17



• The in/out fields, final expressions:

√
z3
~Ain/out(x) = ~A(x) +

∫
d3ydt′cDR/A(x− y)(∂2

t′c
−∆y) ~A(y), (81)

a(~k, λ)in/out = i

∫
d3xf~k (x)~e (~nk, λ)

↔
∂tc

~Ain/out(x) (82)

• The case of interaction with scalar field

φ(x) = φ̂(x) + e

∫
d4y
√
−g G(x, y)

{
i√
−g

∂µ[
√
−gφ(y)Aµ(y)]

+i[∂µφ(y)]Aµ(y) + eφ(y)Aµ(y)Aµ(y)

}
, (83)

φ(x) = φ̂R/A(x) + e

∫
d4y
√
−gDR/A(x, y)

{
i√
−g

∂µ[
√
−gφ(y)Aµ(y)]

+i[∂µφ(y)]Aµ(y) + eφ(y)Aµ(y)Aµ(y)

}
. (84)
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• The in/out fields:

√
zφin/out(x) = φ(x)−

∫
d4y
√
−gDR/A(x, y)[EKG(y) + m2]φ(y). (85)

•

a(~p )in/out = i

∫
d3x(−g)1/2f ∗~p (x)

↔
∂t φin/out(x)

b†(~p )in/out = i

∫
d3x(−g)1/2f~p (x)

↔
∂t φin/out(x). (86)
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Perturbation theory

• The expression of Green functions

G(y1, y2, ..., yn) =
1

〈0|S̃|0〉
〈0|T [φ̂(y1)φ̂(y2)...φ̂(yn), S̃]|0〉, (87)

S̃ = Te−i
∫
LI(x)d4x = 1 +

∞∑
n=1

(−i)n

n!

∫
T [LI(x1)...LI(xn)]d4x1...d

4xn, (88)

• The interaction Lagrangian

LI(x) = −ie
√
−g : [(∂µφ

†)φ− (∂µφ)φ†]Aµ : (89)

(−i)n

n!〈0|S̃|0〉

∫
〈0|T [φ̂(y1)φ̂(y2)...φ̂(yn),LI(x1)...LI(xn)]|0〉d4x1...d

4xn. (90)
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• the amplitude:

〈out, 1(~p ′)|in, 1(~p )〉 = δ3(~p− ~p ′)− 1

z

∫ ∫ √
−g(y)

√
−g(z)f ∗~p ′(y)[EKG(y) + m2]

×〈0|T [φ(y)φ†(z)]|0〉[EKG(z) + m2]f~p (z)d4yd4z. (91)

• The scattering amplitude in the first order of perturbation theory

Ai→f = −e
∫ √

−g(x)

[
f ∗~p ′(x)

↔
∂µ f~p (x)

]
Aµ(x)d4x, (92)

Ai→f = −ie
∫ √

−g(x)Ū~p ′,λ′(x)γµA
µ̂(x)U~p,λ (x)d4x, (93)
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Coulomb scattering for the charged scalar field

• External field

A0̂ =
Ze

|~x|
e−ωt (94)

• initial and final states are:

φf(x) = f~pf(x), φi(x) = f~pi(x). (95)

• Scattering amplitude

Ai→f =
−αZ

8π|~pf − ~pi|2

{
−pi

2

∫ ∞
0

z
[
H

(2)
ik (pfz)H

(1)
ik−1(piz)−H(2)

ik (pfz)H
(1)
ik+1(piz)

]
dz

+
pf
2

∫ ∞
0

z
[
H

(2)
ik−1(pfz)H

(1)
ik (piz)−H(2)

ik+1(pfz)H
(1)
ik (piz)

]
dz

}
, (96)

z =
e−ωt

ω
. (97)
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• Scattering amplitude in final form

Ai→f =
−αZ

8π|~pf − ~pi|2
Bk, (98)

Bk =
(pf + pi)√

pfpi
2iδ(pf − pi) +

1

pi
θ(pi − pf)

[
h∗k

(
pf
pi

)
− gk

(
pf
pi

)]
+

1

pf
θ(pf − pi)

[
g∗k

(
pi
pf

)
− hk

(
pi
pf

)]
. (99)

gk(χ) =
e−πkχik

sinh2(πk)

[
2F1

(
3
2,

1
2 + ik; 1 + ik;χ2

)
B(1

2 − ik; 1 + ik)
− 2F1

(
1
2,

3
2 + ik; 1 + ik;χ2

)
B(−1

2 − ik; 1 + ik)

]

+
eπkχ−ik

sinh2(πk)

[
2F1

(
3
2,

1
2 − ik; 1− ik;χ2

)
B(1

2 + ik; 1− ik)
− 2F1

(
1
2,

3
2 − ik; 1− ik;χ2

)
B(−1

2 + ik; 1− ik)

]

+
χik

sinh2(πk)

[
2F1

(
3
2,

1
2 + ik; 1 + ik;χ2

)
B(−1

2; 1 + ik)
− 2F1

(
1
2,

3
2 + ik; 1 + ik;χ2

)
B(1

2; 1 + ik)

]

+
χ−ik

sinh2(πk)

[
2F1

(
3
2,

1
2 − ik; 1− ik;χ2

)
B(−1

2; 1− ik)
− 2F1

(
1
2,

3
2 − ik; 1− ik;χ2

)
B(1

2; 1− ik)

]
,

(100)
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hk(χ) =
e−πkχ−ik

sinh2(πk)

[
2F1

(
3
2,

3
2 − ik; 2− ik;χ2

)
B(−1

2 + ik; 2− ik)
· χ2 − 2F1

(
1
2,

1
2 − ik;−ik;χ2

)
B(−ik; 1

2 + ik)

]

+
eπkχik

sinh2(πk)

[
2F1

(
3
2,

3
2 + ik; 2 + ik;χ2

)
B(−1

2 − ik; 2 + ik)
· χ2 − 2F1

(
1
2,

1
2 + ik; ik;χ2

)
B(1

2 − ik; ik)

]

+
χik

sinh2(πk)

[
2F1

(
1
2,

1
2 + ik; ik;χ2

)
B(1

2; ik)
− 2F1

(
3
2,

3
2 + ik; 2 + ik;χ2

)
B(−1

2; 2 + ik)
· χ2

]

+
χ−ik

sinh2(πk)

[
2F1

(
1
2,

1
2 − ik;−ik;χ2

)
B(1

2;−ik)
− 2F1

(
3
2,

3
2 − ik; 2− ik;χ2

)
B(−1

2; 2− ik)
· χ2

]
,

(101)

• the notations are χ =
pf
pi

or pi
pf

.

• The Minkowski limit

B∞ =
(pf + pi)√

pfpi
2iδ(pf − pi). (102)

• Minkowski case

BM =
(Ef + Ei)√

EfEi

4iδ(Ef − Ei), (103)
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• Ration of the two amplitudes
δ(pf − pi)

2δ(Ef − Ei)
=

1

2
. (104)

• The incident flux

Jµ = −i
[
f ∗~p (x)

↔
∂µ f~p (x)

]
, (105)

j(t) = −i
[
f ∗~pi(x)

↔
∂i f~pi(x)

]
=
πpie

−3ωt

2ω(2π)3
H

(2)
ik

(pi
ω
e−ωt

)
H

(1)
ik

(pi
ω
e−ωt

)
. (106)
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Coulomb scattering with fermions

• The scattering amplitude

Ai→f = −ie
∫ √

−gŪ~pf ,λf(x)γ0A
0̂(x)U~pi,λi(x)d4x. (107)

Ai→f = −iαZ
√
pipf

8π|~pf − ~pi|2
ξ+
λf

(~pf)ξλi(~pi)

[
eπk
∫ ∞

0

dzzH(2)
ν+

(pfz)H(1)
ν− (piz)

+sgn(λfλi)e
−πk
∫ ∞

0

dzzH(2)
ν− (pfz)H(1)

ν+
(piz)

]
(108)
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• Final form of the amplitude

Ai→f =
−i
4π

αZ

|~pf − ~pi|2
ξ+
λf

(~pf)ξλi
(~pi)

{
δ(pf − pi) + θ(pi − pf)

1

pi

i(pf
pi

)−ik
eπk

cosh(πk)

2F1

(
1
2, 1− ik; 1

2 − ik;
p2

f

p2
i

)
B(1

2,
1
2 − ik)

−i
(
pf
pi

)1+ik
e−πk

cosh(πk)

2F1

(
3
2, 1 + ik; 3

2 + ik;
p2

f

p2
i

)
B(−1

2,
3
2 + ik)

 + θ(pf − pi)
1

pf

[
i

(
pi
pf

)1−ik

× e−πk

cosh(πk)

2F1

(
3
2, 1− ik; 3

2 − ik; p
2
i

p2
f

)
B(−1

2,
3
2 − ik)

−
(
pi
pf

)ik
ieπk

cosh(πk)

2F1

(
1
2, 1 + ik; 1

2 + ik; p
2
i

p2
f

)
B(1

2,
1
2 + ik)


+sgn(λfλi)δ(pf − pi) + sgn(λfλi)θ(pi − pf)

1

pi

[
i

(
pf
pi

)ik
e−πk

cosh(πk)

×
2F1

(
1
2, 1 + ik; 1

2 + ik;
p2

f

p2
i

)
B(1

2,
1
2 + ik)

− i
(
pf
pi

)1−ik
eπk

cosh(πk)

2F1

(
3
2, 1− ik; 3

2 − ik;
p2

f

p2
i

)
B(−1

2,
3
2 − ik)


+sgn(λfλi)θ(pf − pi)

1

pf

i( pi
pf

)1+ik
eπk

cosh(πk)

2F1

(
3
2, 1 + ik; 3

2 + ik; p
2
i

p2
f

)
B(−1

2,
3
2 + ik)

−i
(
pi
pf

)−ik
e−πk

cosh(πk)

2F1

(
1
2, 1− ik; 1

2 − ik; p
2
i

p2
f

)
B(1

2,
1
2 − ik)

}. (109)
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• The incident flux

j =
eωt

| ~pi |
Ū~pi, λi(x)(~pi~γ)U~pi, λi(x) =

πpie
−3ωt

(2π)34ω

[
H(2)
ν−

(pi
ω
e−ωt

)
H(1)
ν−

(pi
ω
e−ωt

)
+H(2)

ν+

(pi
ω
e−ωt

)
H(1)
ν+

(pi
ω
e−ωt

)]
(110)

Ai→f = −ie
∫ √

−gŪ~pf ,λf(x)γ0A
0̂(x)V~pi,λi(x)d4x (111)
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