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THE THEORY OF FREE FIELDS ON DE
SITTER UNIVERSE

Dirac field

e De Sitter metric:

1
ds® = dt* — e™'di? = ot )Q(dtz —d7%), w>0, wt.=—e (1)
Wl
G = 77@36565 (2)
e In the Cartesian gauge the nonvanishing tetradic components are:
. . - 1 ; -1
0 — _ L= 4t 0 _ L=
eq = —wi, & 5jwtc, €o o € 6Jwtc' (3)



e Action for Dirac field

Stew = [ d%:r{ 0" Do — (Day™]
—mw},

where
D@ = BZDM — 8@ + F@
e In this gauge the Dirac operator reads:
Jw

2;
- 1w
= —iwtc(voﬁtc + ’718> + 7’}/0

ED = ’L"}/Oat -+ Z'B_Wt’}/iﬁi +

e the Dirac equation

(ED — m)w = O
e The fundamental solutions are:

1 7rk/2 (1)
Uﬁ,)\(t,f) — 1 ﬂ-p?)//c; B k/QH ()( - 2 (p_>, ezpa: 2wt
@0 \ AeH2H (ge 1), 7)
Y\ ,—7k/2 (2) —wt — o
%’,A(tpf) — 4 Wp?)//(j f\eﬂk/g g;( )77 £p> e—zp-:c—th
(27) €™ HL (ge™ ()
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e Charge conjugation )
Uz a(z) = Via(z) =iy (Up ()"
e The orthonormalization relations :

/ d*z(—g)" PUp \(2)7 Upr, v () =
/ d*z(—g) PV A (2) Vi w(x) = 5w (5 — )

/d35’3<—9)1/QU@A($)VOV}7/,N($> = 0,

/dSpZ [Uw(t, VUL Z) + Vaalt, 2V (27| = e7'8° (2 — &),
A

e The field operator

Y(t, 1) = oW, T) + (¢, Z)
{

e Canonic cuantization

{a(@, \),a™ (', )} = {b(@, \), 0" (7", N)} = 0w’ (7 —5"),
4

(10)

(11)

(12)

(13)



e Conserved operators

— (0.0 = [ dpy >a )+ b (7, A)b(7, M)

= (W) = [ d' Y pAa” (5 Nalp X) + b (7 b N
A

/I:w . . — . . — .
H — ?/dgppzz [a+<p7 )\) api CL(p, >‘) + b+<p7 A) api b<p7 )\) :
A

(14)

(19)

(16)

(17)

(18)

(19)



[H, P'] = iwP". (20)
Scalar field

e Action of the scalar field

Sl = [ d'ay=gL = [ doy=g(060,6 ~ m*s0) 21)
e The Klein-Gordon equation:
1
\/—_7 (% [\/ —g g“”é?yqb} + qub =0. (22)
(07 — e ™'A + 3w + m?) ¢p(x) = 0. (23)
e Solutions of Klein-Gordon equation:
1 [me 2 L
. _ - /0= = _-7mk/2 (1) B —wt \ _ip-a
fp (aj) 2\/;@7_(_)3/26 sz (we ) € ) (24)
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e The orthonormalization relations:

_?/d%ﬂ—m”?@@ﬁﬁuﬁ&@

k=1 p?—1, ,u:@,m>3w/2
,

/d3< 9" f2(x) Oy frr(x) =

= (-1,

/d3 (—g)? fo(2) O fyolx) = 0.

—

i / Pp f5,7) O f5(t,T) = e (7 - 7).

e Canonic cuantization

(23)

(26)

(27)

(28)

(29)

(30)



[B(t,T), 00" (t,2")] = ie '8 (Z — Z).

e The commutator functions:

DB, a") = i / Pp f5(2) f(2),
D (z,2)) = —i / d’p f5(x) f(2").

e GG(x, ') is a Green function of the Klein-Gordon equation if:

(07 — e " Ay + 3w + m?) G(z,2') = e *'§(z — o).



e The Feynman propagator,

Dp(t,t', & — ') = i{0|T[¢(x)¢'(z)] |0)

= 0t —\DP ¢, 7 —3)— 0 — ) D, ¢, i — &),

The electromagnetic field

e The action |

S[A] :/d4x —g L = —1/d4x\/—gFWFW,
F,,=0,A,—0,A,

e Field equation
0,(vV=99""g" Fog) =0,

e In the Coulomb gauge Ay = 0, (A") .; = 0 ,and chart {t., T}
(0p — A)A; =0

(37)

(39)

(40)



e The field operator
Ailw) = AT (@) + A7 ()
_ / P [ediin N fy (@)a(F. ) + [ediin ) f (@) a* (7. V)]

1 1 ikt Aik-T

2m) 2k ’

fi () =

e the Hermitian form

> «—>

(f.9) = @'/d?’x f(te, @) O, g(te, @), f0g= f(0g)— g(Of)

e The orthonormalization relations:

<fE7fE’> -

@-/d%f;; (e, @) O, [ (b, &) = 83T — 7",

(41)

(42)

(43)

(47)



€ (Mg, A) - € (T, \')* = O,

Z €¢<ﬁk, )\) Gj(ﬁk, )\)* = 5@' — ? .
A

e In local frame

A% (CC) — engJ — /dgk Z [wﬁ(lg,)\)<x>a<lgv )‘> + [wi(lz,/\)<x>]*a*<]gv A)} :
A

e Conformal transformation

e Quantization

(48)

(49)

(54)

(53)



e The momentum density

e Conserved operators

P =

W =

1
2

1
2

oL
(0, Aj)

m =\/—g = 0 A,

ql

5157“ =\ _ 1 d3 5 .qj 1q-T
1] <CE> T <27T)3 q i q2 €

Z 61 (A, (PIA);) = / d*kEDY " al(k, Na(k,A)

1
H = 5(5@] . <A2, <HA>j> .

Z 651 (Ai, (WA)) = /d%kz Aal(k, Na(k, \)
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(56)

(57)

(58)

(59)

(60)



M, P]

= wP’,

H,

W)

= wW,

(Hf;) (2) = —iw (m " ) fie ()

H— Z;/d?’kkl[ (K, \) 9y alk, )\)} |

e The commutator functions

d°k

/

2k

o-

13

E'k
k?

) ezkz-(x

W, P1=0

(61)

(62)

(63)

(64)



e at equal times,

— — 1 — —
, T—1) t/:tc:§6f;(x—x’).

c

(+)
0,D; (t. —t

/
Cc

e The transversal Green functions
(8, — Ay) Gijlw —a') = (. — t.)6,;(Z — &)
S| &sz(x) = 0.
Df(x — ') = 0(t, — t.)Dij(x — '),
DA-<.CIZ —a') = —=0(t. —t.)D;j(x — 2,
e The Feynman propagator ,
Dyi(z — ') = (0] T[Ai(z) A, ()] |0)
= 0(t. — t)D (@ — 2') — (. — t.) D}, (x — 2),
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(67)

(68)

(69)

(70)
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Interaction between Dirac field
electromagnetic field

e The action for interacting fields:
i . A
Sle,y, Al = / d4w—g{§[¢v“l7a¢— (Datp)y" ]

_ 1 .
_m¢¢ _ ZF,LLVF/U/ — 6%97&14@%0}7

e Equations for fields in interaction
i7" Dath —map = en*Aay,

\/(1—79) Oy (\/@F ””) = eeliy" .
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and

(72)
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Interaction between scalar field
electromagnetic field

e The action
Sio. A = [ atay=g{ @610,0 - ni6'6) - (F 0
(0,616 — (0,0)614° + olot, a0

e Equations for fields in interaction

O [V=99" 8,6 — z’qubA“} +mp = ie(0,8) A + 2pA, A",

L (V=) = —ie(@76h)o — (970)6]
+2e2pTpA”.

-

\/(7
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The In out fields

e The equation of the interaction fields in the Coulomb gauge

(07 = A A(x) = edb(@) 79 (x)

e Solution:

>
B

|
y

i(z) — ¢ / dydt. DY(z — ) D(y)Te(y),

A(w) = Aggyay(a) — ¢ / Bydt. Dyyale — )0y T(y),

—
AN

o the free fields , A p/4)(x) satisfy:

—

lim (A(:E) — X(R/A)@Z)) = 0.

t—F o0

e The fields in/out:

VA A oalt) = Alz) + ¢ / dPydt’ Dyya( — ) D) T(Y).
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(76)

(77)

(78)

(79)
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e The in/out fields, final expressions:

V7 A o() = Al) + / Pyt Dyl — )02 — A Aly)

— —

CL(]C, A)in/out — Z/dS.CEfE (CE‘)G?(ﬁk, >‘> atc Az’n/out<x>

.

e The case of interaction with scalar field
otx) = 9o +e d”‘y@G(w,y){ 00 A )
+i(0,0(4)] A () + e(y) A, (y) A"(y) }

[/

olo) = dte) +e [ do/=gDmuten{ <=
HIBLGWIA(Y) + edly) Au(y) A"(y) }

Oulv/ =90 (y) A" (y)]
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(81)

(82)
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e The in/out fields:

ﬁ¢in/0ut<x> — ¢(aj) o /d4y\/ngR/A<aj7 y)[EKG<y) + m2]¢(y>

a(ﬁ)fm/out — Z/d3x<_9)1/2f§<37> 511 ¢in/0ut<x>

bT(ﬁ)in/out =1 d3$<—g>1/2f5 (ZE) 825 gbin/out(x)'
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Perturbation theory

e The expression of Green functions
1

(0[50}

G(Y1,Y2, ey Yn) = (O[T [D(y1)(y2)---d(yn), S1|0),

S = Te i Lilo)d' Z / (Lr(x1)..Lo(z,)]d w...d T,

e The interaction Lagrangian

Li(z) = —ie/=g : [(0,0")p — (0,0)0T| A

(—4)"
n!(0[5]0)
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/ OITId(u)dwa).. S, La(r). La(z)|0Vd zy..d',

(88)

(89)

(90)



e the amplitude:

fout 13" in, 1(5)) = 85~ 5) - [ [ V=90V =g) ) Excly) + m]
< OT6()8 0 Exa(=) + m]fy () yd'= @)

e The scattering amplitude in the first order of perturbation theory

Ay = —ie/ vV —9(x) Uz ()7, A% (2)Us (z)d 2, (93)
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Coulomb scattering for the charged scalar field

e External field

AV = Ee—“”f (94)
e initial and final states are:

or(x) = f,(x), @ilx) = fr(x). (95)

e Scattering amplitude

—a/ pi [° 9 1 2 1
At = e ﬁ|2{_§ / 2| HP () HY (0i2) = HE (pp2) B (pi2)| d2

p o0

+?f . < {Hz‘(lj)—l@fZ)Hz‘(kl)(piZ) - Hi(l<2:4)r1<pfz>Hy;(Ji)<Piz>} dz}, (96)
e—wt

z = - (97)
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e Scattering amplitude in final form

—a/
A = — — DB, 98
f STlp — PP k (98)
By, = (pf+pi)2i5(pf — i) +19(p¢ — py) [ i <ﬁ> — Gk (ﬁ)]
\/PfDi Di i Di
1 Di Di
Lo —p [g( )_h (_)] 99
Dy ( g ) |9 Dy ’ Dy (99)
() = e Rk 2F1(2,2+zk1+zkx) 2F1(2,2+zk1+zkx)
e sinh?(7k) B(3 —ik; 1+ ik) B(—1 —ik; 1+ ik)
n ey 2F1 (275_Zk 1 —ak; X) 21 (% % ik'l—ik'XQ)
sinh® (k) B(% +ik; 1 —ik) B(—3%+ik;1 — ik)
N X“‘f 2F1(2,2+z/€1+z/~cx)_2F1(%—+zk1+zkx)
sinh?(7k) B(—%;1+ ik) B(3;1+ ik)
N x _2F1(%§ zkl—@kx) 2F1(2,2 zkl—zkx)
sinh?(mk) B(—3;1—ik) B(3;1 —ik) ’
(100)
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hly) = LS PV (% %—ik'Q_ik'X2> 2 241 (272 th; —tk; X )]

sinh2(7k) Tk —ak) X B(—ik:L + ik)
eﬁkxik 2F1 (% §_|_2]€2_|_sz2> .XQ 2F1 (2,2‘|—Zk‘ 'I/k' ' )
sinh?(7k) B(—1 —ik;2 + ik) B(: — ik;ik)

+

L 2F1(%% k’LkX) 2F(2,2+zk2+zkx) 5

+
sinh?(7k) B(3;ik) B(=5:2+ ik) o -
N X_ik _2F1 (%7 % - Zk; _Zk7 X2) 2F1 (5’ 2 Zk 2 — ik X ) X2
sinh*(rk) B(3; —ik) B(~5;2 k) |
: (101)
e the notations are x = Z{ or 5}
e The Minkowski limit
B (py +pz)2i5<pf — ). (102)
Dypi
e Minkowski case (E; + E))
f ),
By = 4i0(Er — Ey), (103)
VEE;



e Ration of the two amplitudes

o(pr — pi) _ 1
20(E; — E;) 2 (104)
e The incident flux
J,=—1 [fg»(x) oy f~(x)] : (105)
o 3wt . .
i =i 8 guel] = ) (o) P (). s
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Coulomb scattering with fermions

e The scattering amplitude

Ay = —ie/\/—gUﬁf,Af(x)’yvo(x)U@,Ai(:zz)d4x. (107)

) plpf 5 5 Lk > 9 1
Ay = —iaZ ———— (FP&F) |e™ | dzzHP (pr2) HM (piz
f 87T’pf_p2"2 >\f< f) 2 ; +< f JH, " (piz)

+Sgn()\f)\i)e”k/ dzzHﬁQ)(pfz)Hﬁ)(piz)] (108)
0
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e Final form of the amplitude

i 1 g1 e D}
—9 aZ ~ ~ 1 A ik 677/{: 2F1 (571 —Zk,§ —’Lk,—%)
A= 6,50 )] 0oy — )+ 0 =) |+ (2) ;

A7 |py — pif? ; Di cosh(mk) B(3,3 — ik)
| (pf) Sl AR R )] DO | (p)
—i | == )= i [&
Di cosh(mk) B(—%, + ik) br—p Dy Dy

X

3
2
. . 2 , . . 2
e—ﬂ'kz 2F1 (%,1 —’Lk,% —Zk’%> (pZ)Zk ’1:67Tk 2F1 (%,l‘l_lk,%—l—Z/g,%)

cosh(mk) B(—3,% — ik) py/) cosh(mk) B(3, 5 + ik)
rsgn(AA)S(oy b + sgnAO —pr)— [ () =
SIMATANOPy = Pi) + SGIAL AP = Pr) 10 cosh(rk)

X

JF) (%,1+7Lk;%+ik;i—z) p A\ ek oF (3,1—ik;g—ik;§)
B(L L ik) _Z(E) cosh(rk) B(—1 3 — k)

279 2792

! P\
+sgn(AAi)0(p —pi—i(—z>
gn(ArA:)0(py >pf py

3 7.3 | i1.. P}
eﬂk 2F1 <§,1+2k,§+lk,p—%)
cosh(mk) B(—12,2 +ik)

272

(109)

: 1 SRR N i
. (&) —ik e—wk 2F1 <§, 1 — ’lk’, 5 ’l/k, %) }

Py cosh(mk) B(3,t —ik)

272
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e The incident flux

ewt _ 7-‘-p,6_3(«dt p B pz _
': D FEAUs s (z) = P H® (i wt) HW (— wt)
] ‘]5; |Up17/\z<x><piY>Upz;>\z<x> (27T>34W V_ we V_ We
+H/? (%e—”t) H{Y (%e—w’f) ] (110)
A= —ie/\/—gUﬁf,Af($)70A0(:C)V}0;,Ai(x)d4$ (111)

28



References

[1] I.I.Cotaescu, Phys. Rev. D 65, 084008 (2002)
[2] I.I.Cotaescu, R.Racoceanu and C.Crucean, Mod.Phys.Lett A 21, 1313 (2006)
[3] C.Crucean, Mod.Phys.Lett A 22, 2573 (2007)
[4] C.Crucean and R.Racoceanu, Int.J.Mod.Phys. A 23, 1075 (2008)
[5] I.I.Cotaescu and C.Crucean, Int.J.Mod.Phys. A 23, 1351 (2008)
[6] I.I.Cotaescu, C.Crucean, A.Pop, Int.J.Mod.Phys. A 23 (2008)
[7] I. . Cotaescu and C. Crucean, Int.J.Mod.Phys. A 23 (2008)
[8] C.Crucean, Mod.Phys.Lett A 25, (2010)
[9] I.I.Cotaescu and C.Crucean, qr-gc/0806.2515
[10] C.Crucean, R.Racoceanu and A.Pop, Phys.Lett.B 665, 409 (2008)
[11] C.Crucean, math-ph/0912.3659, (2009)

29



	THE THEORY OF FREE FIELDS ON DE SITTER UNIVERSE
	Interaction between Dirac field and electromagnetic field
	Interaction between scalar field and electromagnetic field
	The in out fields
	Perturbation theory
	Coulomb scattering for the charged scalar field
	Coulomb scattering with fermions

