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Intro

starting points:
canonically deformed Euclidean space: [z#, 2], = i0""

nc real scalar ¢* theory (— Grosse and Wulkenhaar)

QQ
5 ::t/de(%ﬁ*ﬁwPV,dA*+7;¢*&?diw¢b&*

2

A
+f§¢*¢+1@*¢*¢*¢)@0,

where z, = 0, 12* and 0, f = [Z,, ]«
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Intro

Remarks:

e discrete spectrum of the Hamiltonian
e no UV/IR mixing due to oscillator term

e theory renormalisable
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Intro
covariant coordinates

let G be a unitary gauge group under which the scalar field ¢ transforms
covariantly like

dr—=u"xpxu, u€G.
The product x* x ¢ will not transform covariantly,

hxp»u*xxtxpxu.

=> covariant coordinates

~

Xu — ‘%I/+AV7

where

.« X *
A, — WwWwxdu+u*xA,xu,

.
Xu — U *Xu*u
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Intro

gauge invariant action
1 ~ ~ 02 - -
S = /dD'CU (§¢ * [XV7 [Xya ¢]*]* + 7¢ * {Xya {Xl/7 ¢}*}*
2 A
+%¢*¢+Z¢*¢*¢*¢) ().

where:

o — U xp*u,
. % *
A, — WwWwxdu+u*xA,xu,

.5
Xu — u*Xﬂ*u.
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Intro

heat kernel expansion

1 [ dt
Llo] = —5/ 7T1“ (e_tH — e_tH()) .

where we use the effective potential

6%S 2 .

The method is not manifestly gauge invariant, contributions from different
orders need to add up to a gauge invariant result.
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Intro
We employ the Duhamel expansion which is an iteration of the identity

o—tH _ —tH'  _ /tdai(e—aﬂe—(t—a)ﬂo)
0 do

t v 0
— —/ do e 1y e~ (t=0)H
0 2 ’

giving

¢
o—tH e_tHO—g/ dtle—tlHove—(t—tl)HO
0

t t
+(g)2/ dtl/ dtge 2 e (=) HOy () HO
0 0
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Intro

Therefore, we have for the 1-loop effective action is given by

1 [O°dt _ _+g0
Fil = ——/ —Tr(e tH—e tH )
2/ t
9 00 0 92 poo g ot 0 N0
= —/ dt Tr Ve tH ——/ —/ dt/t/TrVe t H Ve (t—t)H
4 Je 8 Je t Jo
3 t t/ 11 70 !N 20 /\ 170
6 o0 dt _ (' _ ({—
+—/ —/ dt’/ dt" ¢ e ve t H yem (-t H y, —(t=t)H
16 Je t Jo 0

4 0 t t’ t” 111 10 /I 0 !N 0 / 0

0 dt _ _ _ _(+ _ (f—

3 . / lt’/ lt/’/ lt/”t/”THrVe t'""H Ve (t t""YVH Ve (t'"—t"")H Ve (t—t' )H
0 0 0

+ 406
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Intro

The action contains an oscillator term

0? ~ ~
7¢ * {Xya {Xw ¢}*}* .

This term is crucial, it alters the free theory.

Therefore, we expand around the free action —A + Q272 rather than —A.
Seeley-de Witt coefficients cannot be used!!
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Intro

The calculations are performed in the matrix basis, where the star product
IS just a matrix product, e.g. for D = 4;

Z Apgfra(@) s O(2) = Z PpqSpqe(T)

p,qEN? p,qEN?
and

fp *fmn — 5qupm
Jo*x Jo = Jo
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Intro

matrix basis, important relations

folz) = 46_% 2 5’337
o = 1 Lt 4 in?),a® = L(:CS—I—i;C )
V2 V2
form = a(n,m,f)a q(2xm® G (Dxm! fox* a4 g
m2n2
C_L(l) * fml nl j— \/H(ml _I_ 1)fm1+1n17
m2n? 2 2
&(1) x fml nl — emlfml_ml
m2n2 m2 n2
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The model

The part independent of the gauge field in the matrix basis is given by

HY %
;e (%Jr( L em 1)+ (024 m241)) 8,1518,111 00242022
—,0(\/ KM 00109 j10,100 0 + Vmint 5n1—1,k15m1—1,l1)5n2k25m2l2

—IO(\/ k2l2 5n2+1,/€25m2—|—1,l2 —+ v m2n2 5n2—1,/€25m2—1,l2)5n1/€15m1l1

All the operators depend beside on 6 only on the following three parameters:

— Typeset by Foil TEX — 13



2
Vkl;mn(l + Q%)

with
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+(3!(1 + Q2)

+(3!(1 + Q2)

A

S SV ~2
(3!(1 Ton et (Xvx X =3%)), Sk

bxd+ (Xyx XV =37)) oy,

v
PlmPnk — QPAI/,lmAnk)

/2 (1+) Vol A1)
N YA
Pl 9( A 10,y T A 110l

Tor2 12 m2 n2k2 12 m?

2 (2+) (2—
—\/m?2 + 1A 1k1611 , +Vm24 1k1 51

n2k2 12m 2+1 n2k2 12m

AQE) — gl 442 ACF) 2 43 4 544



(=)
e
mn;kl

Km,m—l—a;l+a,l(t)

where
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Xqt) =

The model

2
mkontl |1 K iniogigi()
=1

1=

2
—t(120/2+49) 5

min(m,l) mN /LN ja+my\ sa+ 1
- 06T
20t (1-9% m2u a+m-+I+1
X e < 50 s1nh(2Qt)> X (t)
4

1+ 9)262975 —(1-— Q>2€—2Qt '



Technical details

Again the Duhamel expansion of the effective action

1 [0 dt _ _+g0
Fil = ——/ —Tr(e tH—e tH )
2 Je t

0 o0 - 0 92 o0 Jt t 4770 e gl 0
_ —/ dt Tr Ve tH ——/ —/ at' ' e ve tH v~ (t—t)H
4 € 8 € t 0
3 t ¢/ 170 111y 770 1 70
0 O dt _ _ (4 _ (4
n _/ _/ dt// at” & T Ve t'"H Ve (t'—t")H Ve (t—t'"H
16 Je t Jo 0

4 00 t t/ ! 11 770 1 0 !N 270 I\ 70
0 dt _ H _ _ H _(+_ H —(t—t"HH
32 t / t// t,// dt’" " T ve t Ve (7 =t"") Ve (" —t7) Ve (t=t")

€ 0 0 0

+  +0(6°)
insert all the above expressions!
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Technical details

We concentrate on the divergent terms involving only the gauge field,
therefore A = 0

Method to extract divergent contributions:

e Expand the integrands for small auxiliary parameters

e Expand infinite sums over indices occuring in the heat kernel but not in
the gauge fields; divergences stem from these infinite sums

e Integrate over the auxiliary parameters

e Convert the results to x-space using

1 4
%:Tmm = (27?9)2/61 T (x)
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Technical details

Example from 2nd order:

0 [ dt !
_/ _6—27502/ dt't' (1 _92)2
4 € t 0

X Z(kl +1)

A+ 404
cdmle1” " mlelya
C2 m2 m2 C2

K

k141 mlqyr ml kl(
k2 | m2 ;m?2 k2

0 (1—02\"
= ( ) nev/m! + 1!l +1 A7) 4

24 \1+02
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clm1+1

/

t )Kk1+1 1y1 1 gl
k2,12 512 k2

(1+)

mlcl+1

c2 m?2 m?2 c2

(t —1)
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Technical details

using the relations

00
1
Z Knm;mn(t/)Kn,c;c,n(t —t) n + O(t07 t/O)

n=0

9
/ /
Z vV + 1Kn—|—1,m+1;mn(t )Kn—l—l,c—l—l;c,n(t —t)

n=0
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Technical details

e first and second order: quadratic and logarithmic divergences
e third and fourth order: logarithmic divergences

e other orders are finite
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Results

D=2 Q=1
€ —1 2 % L ~2
0= dz(X, » X' —2%)Ine
D=2 Q#1
€ _292 % 3% ~
TS, = T T )2 /d% (X, * X" —7*)Ine
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Results

D=4, Q+#1
1 24 ~ ~
€ o d4 1 — 2 XU XI/_~2
11 1927.‘.2/ x{ge( P )( * L )
12 2N/ ~2 2 % S ~2
+1Ine 7 (1 —p*) (i — p°) (X, XY — 27)

where F,UJ,/ = —i[iug Ay]* + i[£V7 A/L]* o i[A,UJ? AT/]*
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Discussion

e ) —» 0 (p—1): usual NCYM

e () —» 1 (p — 0): obtain interesting matrix models

e quantisation needs to be studied; problem with ocurring tadpole
e /) — oo limit possible

e sign of quadratic term depends on i* < p* — phase structure

e result coincides with the one obtained by de Goursac, Wallet and
Wulkenhaar
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BRST
similar action proposed in 0705.4205[hep-th]

1 0
S = /d4x<ZFMV*Fuy+§ju*{Auf{Aufj,u}})

1 1 02
S — /d4$<1FMV*Fuy+S(E*8MAM) —§B2+§5(6u*cu))

where C,, = {{:T:M AL ALY+ [{:%M xchrc+ e {:%M ¥ c}] and BRST
transformations

sA, = D,c, sc=DB, sC = 1gc* ¢,

sB = 0, SC, = Ty
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BRST

e Tadpole contributions do not disappear, but are finite; diverge for {2 — 0
e Classical vacuum?
e 1-loop calculations...

e Is this model related to the induced model? At 1-loop additional terms
may appear and the induced action may be recovered
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