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Undeformed superspace

Generated by (anti)commuting coordinates

2™, 2" =0, {0%60°}=0, {040} =0, (1)
withm =0,...3and o, 3,6,68 =1, 2.
Derivatives consistent with this algebra are given by

Oy "] = 6%, {0,0°} =65, {8%,0,) = 6] )

and

0, On] =0, {0a,05} = {0%,0°} =0,.... (3)
Superfiled F(z,0,0) can be expanded in powers of § and ¢

F(x,0,0) = f(x) 4+ 0¢(z) + 0x(x) + 00m(x) + 60n(x)
+00Ov,y, + 000X (x) + 000 () + 0000d(z). (4)
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Under infinitesimal SUSY transformations

0cF = (£€Q+£Q)F(x), (5)
Qo = 0o — 0™ 30 O, Q% = 0% —i0°0™ 70, (6)
Also €%, & = const. and {2,679} = {€%,&a} = {€4, €5} = 0.
Transformations (5) close in the algebra
[0¢,0n] = —2i(na™& — £ ) O (7)

Leibniz rule is

5§(FG) = (5£F)G—|—F(5£G)
= (R +£&Q)(F - Q). (8)
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Hopf algebra of undeformed SUSY transformations

e algebra

{Qaa Qﬁ} — {Qda Qﬁ} — Oa {Qaa Qﬁ} — QiUngBama
[amaan] — [amaQOé] — [ama QO&] = 0. (9)

e coproduct

AQy=Qa®1+1®Qn, ARQs=Qs®1+11 Qa,
A0y, =0, 1 +1Q 0,,. (10)

e counit

£(Qa) = €(Qa) = €(Om) = 0. (12)

e antipod

S(Qa) — _Qaa S(Qa) — _Qda S(am) — _am' (12)
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From (5) transformation laws of component fields follow

O¢ f

5N

558004

Sed =

€a¢a + gdidv
26am + Un;dgd (Um =+ i(amf))’
25(54” 4+ 5_mézoz§a( — Uy, + Z(amf)),
I
£d>‘a + §§d5maa (am¢oz)a
1 .

E%pa + 9 “0"0a (0mX®),
~i(Om$a)E’ 04 + 260 s

+i0™ 57 (OmXa) + 20aka,
26%d + i ¢, (Bym) + %5“‘%”;555 (Omvr),

t

2§Oéd + ialadgd (aln) o 50- ada-mdﬁgﬁ(amvl)v

2 o __m iXe’ _i a\ m Fo
55 006 (OmA”) 2(8mgp )0 0al”
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Deformed SUSY transformations

We choose twist F

1ap 15 . 95e0db
F = 20" 0805130407007 ol _ glec . (22)

Hopf algebra of deformed SUSY transformations

{Qaa Qﬁ} — {Qda Qﬁ} — 07 {QO&) Qﬁ} — QZUTgﬂa’ma ) (23)
AF(Qa) = F(Qu©1+ 10 Qq)F ! (24)
— Qa ®1+1® Qa
5 Cag (000 © 07 + 5 @ 0" ),
Ar(Qn) = Qe ®1+1® Q4
+5C(070m © Dy + 0 © 030 ).

e(Qa) =0, S(Qa) = —Qa, S(Qa) =—Qq.
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x-product

Inverse of F introduces a ~-product on the superspace as

FxG = {F'F®G}

= F-G— ()P0 (@,F) - (956) — 5(~1)/1C, (0 F)(0°C)
—%Ooﬁc’ﬂS (800, F) - (0505G) — %édﬁ-é%(édé’yp)(éﬁ'éf?a)
—icaﬁc (0,0°F)(030°G)
+116( nFloebcrc, (aaaaF)(aﬁagaﬁG)
+116( DFCPC, 4 C.5(0a 048V F)(950° 0 G)
Caﬁcwcaﬁcw(aaaﬂ,édéw)(aﬁagéﬁééc;), (25)

where |F| =1if Fisodd and |F| = 0 if F'is even.
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Under complex conjugation
(F*xG)" =G % F™. (26)
Special examples
{904 5 96} — CQB, {é@ 5 éﬁ} — C_Ydﬁ, [mm 5 a:”] = 0. (27)

Non(anti)commutative space; non(anti)commutativity is encoded
In terms of the x-product (27).

Derivatives consistent with (28) and (29) are just the usual
derivatives (2).

Usual integral is the "good" integral.
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Deformed SUSY transformation is defined as

0fF(2,0,0) = (£Q +£Q) F(x,0,0). (28)

As a consequence of (24) the x-product of two superfields is
again a superfield

GE(F+G) = (EQ+EQ)(F*Q), (29)
= (5§F)*G+F*(5§G)

7

((§Q+£Q) )

Leibniz rule is deformed
O (F'x G) = (0¢F) x G + F % (6¢G) (30)
+ Loas (gv (O F) % (05G) + (0o F) *gﬁa%(am(;))

(£ D) x (97G) + (0VF) x £0"0527 (0 ).
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Chiral field ® fulfils Ds® = 0, with Dy, = —94 — i0%0™ . O,

O(z) = A(x) + V20%Ps(x) + 00F () + i05'0(0,A(x))

—%ee(amw(x))a”;déd + i@@éé(DA(az)). 31)

The x-product of two, three,... chiral superfields is not chiral

2
Dxd = A — (’; F? + (Jaﬁcaﬁ a0 55 (0mA)(9A )+i026’2(DA)2
o~ (2f¢aA— 707%@557@( OmpP)o™ 0 Ba(alA))
- ﬁc 205,55 (Omipa )F + 00 (2AF — )
2 1
+99( - (FOA — 5(877q,¢)om5l(&«ﬁ)))

mplf - 2 3 al _0'45 Al
0o 9(z(8mA )+ 70°°C amaaaﬁﬁ(DA)(alA))

V3000555 (O (0 A)) + ieee‘é(m?) (32)

where  C? = C*PC"eqqe55 and C? = C, 07550‘7555
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We project out chiral, antichiral and transverse component of
® x d and ¢ x & x~ ¢ by using projectors P, P, and Pr

b 1 D*D? . 1 D*D? . ~ 1DD*D o
T 0O P10 Tt s O &9
1
fa) S9(e) = F(@) [ d'y Glo— y)g(w).
CQ
P (@ x®) = A2—§F2
2
oo caﬁcaﬁ 74055 (0mA)(B14) + Z0m ((DA)(@14)) )

+f9a (2¢ A —mﬁcaﬁa 1o (Om?)o™ 0 Ba(@A))
2
166 (2AF _ W) + 0080, (A2 _ %F2
1 iy 2
+ 0200 ((BmA)(alA) n —am((DA)(alA))))
1i/2000, 55428, (%A— LevBEaBe,  (OmiP)o™ "o ﬁa(alA))

__ C?2
+19999D(A2 - F2+ caﬁcaﬁ a0l (34)

(wmAx@Aw+aam«DAxaA»))+cxc%.
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Wess-Zumino L agrangian

Undeformed Wess-Zumino Lagrangian

L= ot <I>‘ B
0660

( b . <I>‘ + — <I> D - <I>‘ +c.c.), (35)

with m and )\ real constants.
Deformation

TP — P x D,

- — P(dxd),
(
Py (®+ P (@ % ®)),
Py (Py(® % @)+ @),
\ PQ(CID*CID*CD).

.- PP —

/"
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Comments |

e kinetic term

ot q)‘  =F'F+ 1A”‘DA + 1ADA* (36)
6060
1 . _
—5(0mAT)(0"A) + ( Om 1) o) — wam@mw),
_|_
5; (cI> *@‘9099 — On(...).

remains undeformed.

e Mass term

Py (® + @) ‘99 4 cC = 24F — hip + 24 F* — 4,

55(132(@*@)‘ + cc. ) — (... ). (37)

00

remains undeformed.
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e Interaction term

1) Py(@xPo(@x0))
1

, TCC = 3(A*F — (yup)A)

—ZK“bKabFS
Ll K ( (0 A) (00 4) + 2,,((04)(0 4)))
2" ¢ S .
— (K7 K (0n)) — 2K K (0,8) 0% ) (9 A) (39
K00 (0 )0 [ A7 — KK,
1 - 2
+5 K"K F((é?mA)(anA) + iam((DAKé’nA))ﬂ

+c.c. +O(K?),
where we introduced the following notation

Cop = Kap(0°€)ap, Cyp = Ko (6™) 45 (39)
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2)

(r028)20)], (0 i 0)

but the difference (under the integral) is a surface term

1 % (=ab=Ilm\3 2 02 2
+5 K050 [(amA)(A - —F

KT (0, 4)(00A4) + 20, ((04)(0,4))) ).

3) Term P, (<I> * P % <I>) ‘99 + c.c. has "wrong" transformation law

5§(P2(<I>*<I>*CI>)‘ + c.C. ) # Om(...)

00

and would not lead to a SUSY Invariant action.
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Finally, the transformation law of (38) is given by

5 (P (@x Po(0x®))| + cc )

00
= iV 2£4,5'99, (K m K, éam(é’nADA) + local terms ) .

Interaction term is deformed and nonlocal, but it is still SUSY
invariant and has good classical limit

Po(®x Po(®%@))| + cc —3(A%F - (pe)A+ ce. ),

00

when C,C — 0.
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Deformed Wess-Zumino Lagrangian

L = <I>+*<I>‘ __
0000

H(Fh(@xe)| + %PQ((I)*PQ((I)*(I)))‘
= A*OA 4 i(0p0)a™y + F*F

+ c.c. )
60

n [% (QAF — ¢¢) + A(FA2 — A¢¢)
_g (KmaK*”w(anw) —2K™ K *”b(anw)ab%) (OmA)
+%KmaK*”“F((0mA)(8nA) + %c‘?m((f?nA)DA)) (40)

+ c.C. } + O(K*).

M. Dimitrijevi€, University of Belgrade — p.18



Equations of motion for fields F and F*

b A
P+ mA + A = S KW KopF + G KK (0mA) (0, 4)

FORTK L0, (0, A)04) + O(KY) =0 (41
A

F+ mA* + \(A%)% — ZK“’”’K;tb(F*)2

+%KmaK*m(8mA)*(anA)*

+§KmaK*”“é0m((0nA)*DA*) +O(K*) =0 (42)

are solved perturbatively and solutions inserted in the
Lagrangian (40). That gives

L=Loy+ Lo+ O(KY), (43)
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with

%KmaK*na (m(amA) -+ 2)\A(8mA)) é ((anA*)DA*)

A*OA 4 i(0nah)a™p — ANA™ YY) — Nty — — (ww + )

—mZA*A — mAA(A*)? — mAATA® — )\2A2(A*) , (44)

) A k) (A
A ab * *\ 2 3 A *xab 2 ’
+LKCE, (mA +>\(A)) + SKK; (mA+)\A)
—%KmaK*na((mA—i— )\A2>(amA*>(anA*)

+(mA* + A(A*)2>(8mA>(8nA>)

_g (K K (0n0)) — 2K K7 (0,0)0 ™ ) (O A) - 45)

X o ) )
2 (KK (0,0) — 2K K705 (0,9) ) (9m A7),
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Comments||

e We constructed a deformation of the Wess-Zumino
Lagrangian with the good classicl limit

e non-local interaction, but still SUSY invariant

e Work in progress:
-renormalisability of the model
-renormalisation might restrict the choice of deformation (we
might be forced to choose C*? such that K** K ,;, = 0)

e future work
-gauge theories

-deformed SUSY Standard Model
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Comments |||

What has been done on this subject so far in the literature

o the choice F = ¢ 27""m®% |eads to [z™ * 2] = ™",
analysed in hep-th/9912153 and hep-th/0002084 .

e the choice F = ¢20" 0.0 analysed by Seiberg in
hep-th/0305248; x-product non-hermitian, chirality
preserved.

e the choice F = ¢30""Qa®Qs gnalysed by Zupnik in
hep-th/0506043, Ihl and Samann in hep-th/0506057, ...;

chirality preserved, x-product non-hermitian.

. : 1oap
e some combinations of F = ¢2¢""Pa®Ds gnalysed by Ferrara

et al. in hep-th/0307039; ..., some remarks on SUSY
Invariant Lagrangians.
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Deformed L orentz transformations

Under infinitesimal Lorentz transformations coordinates of the
superspace transform as follows

1

oot = wh "t = —imersxm,
1

0wl = W™ (Orn) 05 = = 5@ Linnfa, (46)
1

N« __ . mn(= éz__B:__ mmn 2L’
0,0% = W (Gmn) 69 S Lyn0°,
L = TmOn — 20 — (0mn€)as(0°0° + 6°0%)
—(e0mn) 4 ﬁ-(é@éﬁ +059%). (47)
General superfield F' is a scalar under (46),

F'(2',0',0") = F(x,0,0),

1
o0, F = §wm”Lmn F (48)
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The Hopf algebra of undeformed Lorentz transformations is
given by

[5007500’] — 5[w,w’]7
A(dy,) =0, R14+1® 4,
e(6w) = 0, S(0y) = —0u. (49)

Using the twist F (22) we (as usual) twist this Hopf algebra, . ..
The deformed Leibniz rule tells us that F' x GG is a scalar field again. ..

Simple example: transformation law of < x °
In the undeformed case we have

1
0, (0 - 6°) = = 5@ Ly (0 9°).

M. Dimitrijevi€, University of Belgrade — p.24



Therefore we say that also

1
0, (0% % 0°) = — W™ Lynn (67 % 6°)

1 1
= §wmn(amng)w(ma5 +6°07) (626" + 500‘5)

= —wmn ((O-mn)’yaefyeﬂ + (Omn)yﬁeaev)- (50)
The deformed Leibniz on the other hand gives

0,(0% % 0°) = (6,0%) % 0° + 0%  (6,0°)
1

—S O ((9,0%) % (mn€)on (9707

H(0mne)n (970°) % (9,67))
= " ((Omn) 0705 + (Omn) f0a67). D)

Results (50) and (51) are the same.
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