Tridiagonal Algebra and Exact Solvability

Boyka Aneva
INRNE, Bulgarian Academy of Sciences

BWO7
September 02 - 09, 2007, Kladovo, Serbia



Outline

1. Model Description

2. Matrix Product State Approach to Stochastic
Dynamics

3. Bulk Symmetries

4. Open Systems with Boundary Processes

5. Boundary Askey-Wilson algebra and exact
solvability



The asymmetric simple exclusion process(ASEP)

has become a paradigm in
due to its simplicity, rich behaviour and wide
range of applicability.

It is an exacltly solvable model of an open many-
particle stochastic system interacting with hard
core exclusion.

Introduced originally as a simplified model of one
dimensional transport for phenomena like

hopping conductivity and kinetics of biopolimer-
ization,

it has found applications from traffic flow, to in-
terface growth, shock formation, hydrodynamic
systems obeying the noisy Burger equation, prob-
lems of sequence alignment in biology.



At large time the ASEP exibits relaxation

to a steady state,

and even after the relaxation it has

a nonvanishing current.

An intriguing feature is the occurrence of

boundary induced phase transitions

and the fact that

the stationary bulk properties depend strongly

on the boundary rates.



The ASEP is a stochastic process described in
terms of a master equation for the probabil-
ity distribution P(s;,t) of a stochastic variable
s; = 0,1,2.....n—1 at a site ¢+ = 1,2,....L of a
linear chain. A state on the lattice at a time t is
determined by the occupation numbers s; and a
transition to another configuration sg during an
infinitesimal time step dt is given by the proba-
bility (s,s)dt. The rates I = I‘;’f are assumed
to be independent from the position in the bulk.
At the boundaries, i.e. sites 1 and L additional
processes can take place with rates L and R.
Due to probability conservation

M(s,8) == T(s,9) (1)
s'#s
DIFFUSION - Mk = g,

Processes with - a site can be either
empty or occupied by a particle of a given type.

In the set of occupation numbers (sq1,so,...,57)
specifying a configuration of the system



s; = 0 if a site 7 is empty,

s; = 1 if there is a first-type particle at a site

(A

s;, = n — 1 if there is an (n — 1)th-type particle
at a site 1.

- gipdt - i,k =0,1,2,...n— 1 - with |

g;1. are the probability rates of

ki ~

The event of exchange happens if out of two
adjacent sites one is a vacancy and the other
IS occupied by a particle, or each of the sites is
occupied by a particle of a different type.

The n-species simple exclusion
process - lattice gas model of particle hopping
with a constant rate g;. = g1.; = g.



The n-species simple exclusion
process with hopping in a preferred direction is
the lattice gas.

The process is if all jumps
occur in one direction only, and

if there is a different non-zero probability
of both left and right hopping.

-The number of particles in the
and this is the case of periodic boundary condi-
tions.

-In the case of open systems, the

of particles of
fixed density and additional processes can take
place at the boundaries.



The master equation for the time evolution of a
stochastic system

dP(s,t)
dt

> (s, s)P(s',t) (2)

IS mapped to a Schroedinger equation for a
quantum Hamiltonian in imaginary time

dP(t)
= HP(t) (3)
where
H=3Y Hj1+ gL 4 i) (4)
J

The ground state of this in general non-hermitean
Hamiltonian corresponds to the stationary prob-
ability distribution of the stochastic dynamics.
The mapping provides a connection with inte-
grable quantum spin chains.

Example: A relation to the integrable spin 1/2
XXZ quantum spin chain Hamiltonian H x x 7 with

~1
anisotropy A = (‘JJFTQ) and most general non

diagonal boundary terms HL and HE through
the similarity transformation ' = —qU; ' Hx x 7 U,



MATRIX PRODUCT STATES APPROACH

The stationary probability distribution, i.e. the
ground state of the quantum Hamiltonian is ex-
pressed as a product of (or a trace over) matri-
ces that form representation of a quadratic alge-
bra determined by the dynamics of the process.
(Derrida et al. - ASEP with open boundaries; 3-
species diffusion-type, reaction-diffusion processes)

ANZATZ

Any zero energy eigenstate of a Hamiltonian
with nearest neighbour interaction in the bulk
and single site boundary terms can be written
as a matrix product state with respect to a
quadratic algebra

r;]szDk — mle - mle

DIFFUSION - Mk = g,



DIFFUSION ALGEBRA
9ixD;i Dy, — g D D; = 1, D — x; Dy, (5)

where i1,k = 0,1,..n — 1 and x; satisfy

n—1
Z Xr; — 0]
i=0
This is an algebra with INVOLUTION, hence
hermitean D;
D;=Df,  gt=gu m=-zF (6)

(or Dy = =D, if gz, = g;7).

PROBABILITY DISTRIBUTION:

P(Sl, SL) — TT(DS]_DSQ"'DSL) (7)

P(S]_, SL) =< ’LU|D51D52...D3L|'U > (8)
are defined by

< w|(LfDy + ;) =0, (RFDy — z)|[v >=0
(9)



where at site 1 (left) and at site L (right) the
particle ¢ is replaced by the particle k£ with prob-
abilities L{dt and R!dt respectively.

| L—1 | L—1
Li=- ) L Ri=-) R; (10)

THUS to find the stationary probability dis-
tribution one has to compute traces or matrix
elements with respect to the vectors |[v > and
< w| of monomials of the form

D3 *Dg2.....Dg " (11)

The problem to be solved is twofold - Find a
representation of the matrices D that is a
and



The advantage of the matrix product state method

iIs that important physical properties and quan-
tities

like multiparticle correlaton functions, currents,

density profiles, phase diagrams can be obtained

once the representations of the matrix quadratic
algebra

and the boundary vectors are known.



EXACT SOLVABILITY of the ASYMMETRIC
EXCLUSION MODEL

OPEN DIFFUSION SYSTEM COUPLED at the
BOUNDARIES to EXTERNAL RESERVOIRS

- configuration set sq,s9,...,s;, where s, =0 if a
sitet=1,2,....,L is empty and s; = 1 if a site 1
IS occupied by a particle

- particles hop with a bulk probability ggidt to
the left and with a probability giodt to the right

- at the left boundary a particle can be added
with probability adt and removed with probabil-
ity ~dt

- at the right boundary it can be removed with
probability Bdt and added with probability ddt



right probability rate gg1 = ¢
left probability rate gio =1

- quadratic algebra D1 Dg—qDqgD1 = 1 Dg—x0D1

- boundary conditions: (zg = —x1 =1)
(BD1 = 6Dg)|v) = |v) (12)
(w|(aDg —vD1) = (wl.

For a given configuration (s1,s5,....57)
the stationary probability is given by

<'U)|D31D32...D3L|’U>

P(s) = e,

(13)

Ds, = Dy ifasite:=1,2,...,L is occupied
s; — Dg if a site ¢ is empty and



Zr, = (w|(Dg + D1)*|v)

iIs the normalization factor to the stationary prob-
ability distribution.

Within the matrix-product ansatz, one can eval-
uate physical quantities such as:

- the mean density (s;) at a site ¢

« _ (w|(Dg+ D1)"tD1(Dg + D)X ")
(5i) = 7
L

- the current J through a bond between
site 2 and site » + 1,

J=(s;(1—5;41) —q(1 —s;)s;41)

_ (w|[(Dg + D1)""1(D1Dg — ¢DoD1)(Do + D1)" " Ho)
Zr,




hence

- the two-point correlation function (s;s;)

(w|(Dg + D1)""1D1(Dg + D1)7 "1 D1(Dg + D1)77|v)

47,

- higher correlation functions.



BOUNDARY ASKEY - WILSON ALGEBRA
of the ASYMMETRIC EXCLUSION PROCESS
with incoming and outgoing particles at the left
and right boundaries

4 boundary parameters a, 3,7, 0

and bulk parameter 0 < g < 1

Hence 2 algebraic relations for the

operators aDqg,3D1,vD1,0Dq

BDi1aDg — qaDoB8D1 = z18aDg — affD1zg (14)

vD16Dg — ¢6DoyD1 = x1v6Dg — 6vD1xg (15)

or instead (for the second relation)

§DgyD1—q 'vD16Dg = q~ tzgéyD1 —q~ 'y Doxq
(16)



To form two linearly independant boundary op-
erators

Bt = 3D1 — 6Dy, Bl = —~Dy + aDg

we use the Uy(sl(2)) algebra in the form of a
( to include all applications
of the MPA quadratic algebra )

Special cases:

Ug(su(2)) ((u,—u), u < 0), a particular g-oscilator
algebra cuqg(2) ((u,u), v > 0) and two isomorphic
ones euflt(Q) (uv = 0).

Defining

[N, Ay] = £A4 [A_, Ap] = ug™ +vg™
(17)

(18)




Representations in a basis |n, k)

defined by

Nln,k) = (k +n)ln, k), A_|n,k) = raln — 1,k),
Ayln, k) = rp41ln+ 1, k),

> _ (1= ¢")(vg" + ug ")

'n

1—-gq
|0, k) is the vacuum with rg = 0.

The representation is infinite-dimensional if for
all n

vg® + uql_”_”i >0
fulfilled for Uy(slo) (k > 0),

and finite-dimensional of dimension [+ 1 in the
case, if for some

—ug® +ug =0 (19)



of the BOUNDARY OP-

ERATORS
BDy — 6Dg =
 z1P N2A, — 00 A_gN/2
v1—gq v1—gq
_516'15(11/2 + wo5qN ~z1BFx0
l—gq l—gq
aDg —vD1 =
ToQ e N2AL + 1Y 4 —N/2
v1—gq v1—gq
—-1/2 + +
roo xXr roc X
1—gq —q
SEPARATE the and DENOTE
the by A and A*
)
BD{ — 8Dy = A— xlf __FZO (21)
oo + T17Y

[
%
_|_

aDgo —vD1q



HENCE the OPERATORS A and A*®

1)
A = Dy oDo+ TETT0 (a0
—q
—(q

and their [-COMMUTATOR]

[A, Ay = q1/PAA* — ¢71/2A4%4  (23)

form a closed linear algebra - the ASKEY-WILSON
ALGEBRA

[[A, A®]q, Alq = —pA* —wA — 1 (24)
[A*7 [A7 A*]q]q — _p*A T WA* o 77*

with



= zoz186q Y (¢*? +q71/?)?, (25)
—p* = zoriayg (g2 +q7Y?)?

|
*
|

—w = (218 + 20d)(z1v + o) (26)
— (2167 + 23a8)(¢*? - ¢ V?)Q

n=q"?(q? + q/?)x

2 2
<$O$155($1W + zoa)Q — (16 + 200) (2167 + 5170045))

gt/2 — ¢—1/2

77* — q1/2(q1/2 —I-q_1/2)><

(zoa + x17) (zgad + m%ﬁv))

rxoriay(x18 + x00)Q +
(O 1 1 0 q1/2_q_1/2

AW algebra first considered by A. Zhedanov, re-
cently discussed in a more general framework of
a tridiagonal algebra (Terwilliger)



associative algebra (with a unit) generated by a
tridiagonal pair of operators A, A* and defining
relations

[A7 [A[Aa A*]q]q—l — ’Y(AA* + A*A)] — p[Aa A*]

(27)
[A™, [AT[AY, A]gl ;-1 — 7" (AA™ + ATA) = p*[A7, A]
(28)
In the general case a IS deter-

mined by the sequence of scalars 3,v,~7%, p, p*
from a field K. Tridiagonal pairs have been
classified according to the dependence on the
scalars.

Affine transformations act on tridiagonal pairs

A— tA+c, A* - t"A" 4+ c* (29)

with t,t*, ¢, ¢® some scalars

can be used to bring a tridiagonal pair in a re-
duced form with v = ~* = 0.



the g-Serre relations

B=q+q ' y=A"=p=p"=0

[A, A2A* — (g + ¢ 1)AA*A + A*A%] = 0 (30)
[A* A*2A — (¢ + ¢ 1) A¥AA* + AA™2] =0

the Dolan-Grady relations with

B=2,7y=7"=0,p=Fk*p" =k*

[A, [A4, [A, A*]]] = k2[A, A*] (31)
[A*, [A*, [A*, A]]] = k*2[A*) A]



The AW algebra possesses important properties

that allow to obtain its ladder representations,
spectra, overlap functions.

Namely, there exists a basis (of orthogonal poly-
nomials) fr

according to which the operator A is diagonal
and the operator A* is tridiagonal.

There exists a dual basis fp in which the operator
A* is diagonal and the operator A is tridiagonal.

The overlap function of the two basis (s|r) =
(fX|fr) is expressed in terms of the Askey-Wilson
polynomials.

Relation of the BOUNDARY ALGEBRA to the
BASIC REPRESENTATION of the AW ALGE-
BRA



1. egs. by @8 and «,
)

BE = 5D1—5Do—»D1—Z#% (32)
BL = —4D;{+aDg— Dg— 1D
1 0 0 o 1
2.Hence a for the TD
pair
p/B, p /o, w/aB, njaB, n*/aB
3. where s is a free parameter

from xg 4+ x1 = 0.

4. A=JAand A* = A
A= (@ gl)—2 a4  (33)
q_l/zsvbd
Vbd



The tridiagonal relations for the transformed op-
erators read

[A,[A[A, A*lgl -1 = —(g—q D?[A,A*] (34)
[Asx, [A % [Ax, Alg] -1 —abedg1q — g 1)?[Ax, A]

where abed = %%

Let pn = pn(x;a,b,c,d) denote the
depending on four parame-
ters a,b,c,d

_ g~ ", abedg" "t ay,ay~t |
pn —4 CD3 ( CLb, CLC, CLd |Q1 q (35)

with po=1, z=y+y 1l and 0<g< 1.

The basic representation m is in the space of
symmetric fly] with a basis

(p07p17"')
Aflyl = (w+ v DHflyl, A*flyl = Dfly] (36)

where D is the second order g-difference opera-
tor having the Askey-Wilson polynomials p, as



eigenfunctions, namely a
given by

Dfly]l = (1 + abedg™ 1) f[y]
(1 —-ay)(1—->by)(1—cy)(1l—dy)
(1-92)(1 —qy?)
(a—y)(b—y)(c—y)(d—y)
(1—-y2)(g—y?)

_|_

(flay]l — fly])

+ (fla Yyl — flwl)

with D(1) = 1 4+ abedg~ 1. The eigenvalue equa-
tion for the joint eigenfunctions p, reads

Dpn = Aipn, A =4q "+abedg"t  (37)

and the operator A* is represented by an
diag(A§, A7, A5,...). The op-
erator Ap, = xpn IS represented by a

ag c1
bp a1 co

A= b1 ao

(38)



whose matrix elements are obtained from the
three term recurrence relation for the

TPn = bppp41 + anPn + cnPp—1, p_1=0

(39)

The explicit form of of A
reads

an=a+a ! —bn—cp (40)

— (1 — abqn)(l — acqn)(]_ _ adqn)(l . abcdq”_l)
B a(l — abedg?"—1)(1 — abedg?™)

bn,
(41)
_ CL(]- — qn)(l — bcqn_]-)(]_ _ bdqn—l)(l . qun—l)

Cn

(1 — abedg?™—2)(1 — abedg?n—1)
(42)



The basis is orthogonal with the orthogonality
condition for the Askey-Wilson polynomials

Pn(x;a,b,c,d|q) = a="(ab, ac, ad; q¢)npn

1
2
—1

7'('\/1—:13

h(a:,l)h(x,— 1)h($,q1/2)h($,—q1/2)
h(x,a)h(x,b)h(x,c)h(z,d) ’

where w(z) =

h(z, p) = T3 ol1 — 2uag® + p2q*],

and

(abcdqn_l ; q)n(abchQn; q) oo

(¢"T1,abg", acq™, adq™, beq™, bdg™, cdq™; q) o
(44)

h/n,:




Result: with basis (pg, p1, P2, ...)"
w(Dq — %DO) is diagonal with eigenvalues
1

An = ——(bg™" +dg" ) + —(1 +bd) (45)
1-g¢

and

1 1
m(Dg — %Dl) — 1—_qut + 1—_q(1 +ac) (46)

The has a basis pg, p1, p2, -.-

with 7*(Dg — 2 D) diagonal with eigenvalues

= (e )+ (Lt ae) (47)
and tridiagonal
. 5 1
(D1 ——-Dg) = ——aA+ —(1 + bd) (48)

5 1—gq



The

<w| — h81/2

—1/2
(p070707°")1 |’U> :ho / (p070707°")t

(hg is @ normalization)
as
ﬂ'(D]_ — %Do) and ﬂ'*(DO — %Dl)

yields a solution to the boundary equations which
uniquely relate a,b,c,d to o, 3,7,9.

Namely
a =K (a,7), b=ky(B,0),
c=r*(a,7), d =kr_(8,9)

where mi")(u, T) (= mS_L*)) is

o~ -t v —T— (1 —q)2+ T
tE T 2v

(49)



EACH BOUNDARY OPERATOR and the TRANS-
FER MATRIX Dg+ D;

form an
HENCE (Do + D1)pn = (24 z)pn

and using the orthogonality relation in the form

1=ho' [dyw(y +y DIply + v~ ) ply +y71)

one obtains (omitting the long technical datails)

A.a>1, a>0b B.b>1, b>a

76 ~ ((1+a)(1+a—1)>L b <<1+b)(1+b—1>)L
L — 1—q L — 1—q
~(1—g)—0a _ ~(1—g)—>b _

and analogously, the correlation functions, the
density profile, etc.



CONCLUSION

BOUNDARY ASKEY-WILSON ALGEBRA OF
THE IS

THE LINEAR COVARIANCE ALGEBRA OF THE
BULK Uy(su(2)) SYMMETRY

AND ALLOWS FOR THE EXACT SOLVABIL-
ITY.



