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Large cosmological observational findings:
m High orbital speeds of galaxies in clusters. (F.Zwicky, 1933)

m High orbital speeds of stars in spiral galaxies. (Vera Rubin, at
the end of 1960es)

m Accelerated expansion of the Universe. (1998)
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There are two problem solving approaches:
m Dark matter and energy

m Modification of Einstein theory of gravity

|
Ruv — %ng, =81GT,, —Ngu, c=1

where T, is stress-energy tensor, g,,,, are the elements of the metric
tensor, R, is Ricci tensor and R is scalar curvature of metric.
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m If Einstein theory of gravity can be applied to the whole Universe
then the Universe contains about 4.9% of ordinary matter,
26.8% of dark matter and 68.3% of dark energy.

m |t means that 95.1% of total matter, or energy, represents dark
side of the Universe, which nature is unknown.

m Dark matter is responsible for orbital speeds in galaxies, and dark
energy is responsible for accelerated expansion of the Universe.
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Motivation for modification of Einstein theory of gravity

m The validity of General Relativity on cosmological scale is not
confirmed.

m Dark matter and dark energy are not yet detected in the
laboratory experiments.

m Another cosmological problem is related to the Big Bang
singularity. Namely, under rather general conditions, general
relativity yields cosmological solutions with zero size of the
universe at its beginning, what means an infinite matter density.

m Note that when physical theory contains singularity, it is not

valid in the vicinity of singularity and must be appropriately
modified.
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There are different approaches to modification of Einstein theory of
gravity.
m Einstein General Theory of Relativity

R
From action S = /(ﬁ — L — 20N)y/—gd*x using variational
7r

methods we get field equations

R — YRgu, = 81GT,, — g, c =1
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where T, is stress-energy tensor, g, are the elements of the metric
tensor, R, is Ricci tensor and R is scalar curvature of metric.
Currently there are mainly two approaches:

m f(R) Modified Gravity

m Nonlocal Gravity
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Nonlocal gravity is a modification of Einstein general relativity in
such way that Einstein-Hilbert action contains a function f(OJ, R).
Our action is given by

S:/d“x\/—_ R16 2GA—|—P(R) FO)Q(R))

where [J = F&,ﬂ/ geg*ro,, F(O ZfD"

We use Friedmann-Lemaftre-Robertson- Walker (FLRW) metric

ds? = —dt? + 2%(t)(1%es + r2d6? + r?sin®0d?), k € {~1,0,1}.
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Equation of motion are

1 1 G +Agu
— 5&uwP(RIFO)Q(R) + Ru W — Ky W + 5, = =122,
00 n—1
Q=Y £ Suw(0'P(R),0" ' Q(R)),
n=1 1=0

K;w = Vp,vu - gyumv
Suw(A, B) = g, V* AV, B — 2V, AV, B + g, ALIB,
W = P'(R)F(O)Q(R) + Q' (R)F(O)P(R).



Trace and 00-equations

Nonlocal
cosmology

Ivan Dimitrijevié

In case of FRW metric there are two linearly independent equations.
The most convenient choice is trace and 00 equations:

1. R—4A
—2P(R)F(D)Q(R) + RW +30W + -0 = ——~,
L G —A
5P(RIFO)Q(R) + RooW — Koo W + 5000 = ———=,

2
Q= g" .
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We discuss the class of models given by the action

5=AAﬁ&?+HMf@mme%fx

In particular, we investigate the following cases:

mP=R Q=R,

mP=R! Q=R
mP=RP, Q=R9, peN, geN,

B P=(R+R)™ Q=(R+R)" meR, Ry e R



Firstcase P=R, Q = R
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In this the action becomes
- |

5:/ (R:)m i/\ + RF(O)R) V=g d*x.

This model is interesting since we obtain nonsingular cosmological
solutions. To solve EOM we use the ansatz:

- |
OR=rR+s, r,seR



Nonsingular bounce cosmological solutions

ponioc! Let the scale factor a(t) be in a form
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a(t) = ag(oer + re ), ay >0, \,0,7 €R.

Scale factor a(t) = ap(ce*t + Te ) is a solution of EOM in a
following three cases:

Case 1.
1
2\ _ / 2\ _ _
.7-'(2)\)—0, F (2)\)—0, fo = T98mGCR"
Case 2. 3k = 4a3N\o.
Case 3.
F(2X%) = 12 (2)3%) =0, k= —4aN\oT
1927GCA ' 3% ’ e

In all cases we have 3\2 = A.
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m We studied nonlocal gravity model with cosmological constant
A, without matter.

m Using anzac OOR = rR + s we found three types of nonsingular
bounce cosmogical solutions with scale factor
a(t) = ag(cer + re ).

m All solutions satisfy
i(t) = Xa(t) > 0.

m There are solutions for all values of parameter k = 0, +1.
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This model is given by the action

— L -1 — 4
5_/M<167TG+R F(O)R)v/=g d'x,

o0

where F(O) = Z fa0". If we set fy = — 2=, then fy takes the
n=0

place of cosmological constant.
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This model is given by the action

— L -1 — 4
5_/M<167TG+R F(O)R)v/=g d'x,

o0

where F(O) = Z fa0". If we set fy = — 2=, then fy takes the
n=0

place of cosmological constant.




Some power-law cosmological solutions
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We use the following form of scale factor and scalar curvature:

a(t) = aolt — to]”,

R(t) = 6(a(2a — 1)(t — to) > + %(t — 1) %).
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Fork =0, a#0, o # % and 3% € N scale factor a = ag|t — to| is
a solution of EOM if

3a(200 — 1)
fo = i=——-———"—
0=0, 327G(3a —2)’
f,=0 za 2§n§3a2_1,

3a—1

f,ER za n>

2



Case k =0, a - 0 (Minkowski spacetime)
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Theorem
For k =0 and o — 0 EOM are satisfied if

fo,i€R, £=0,i>2.

Since all f, =0, n > 2 this model is not a nonlocal model. Thus the
power-law solutions cannot be obtained by perturbing the Minkowski
solution.



Casek:0,af—>%
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For k =0 and a« — 3 EOM are satisfied if

fhbeR, £=0i>1.



Case k #£0, a =1

Nonlocal Let k # 0. To simplify the scalar curvature
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R(t) =6(a(2a — 1)(t — to) "2+ %(t — 1) 7>%)
dp

we have three options: o =0, a = % i a = 1. The first two does not

yield any solutions of EOM and the last one is described in the following
theorem.

For k # 0 scale factor a = ag|t — to| is a solution of EOM if

ﬁ)zoa fl ﬁ,GR, nZQ,

=6
647G’
where s = 6(1 + a—kz)

0
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m We the model with nonlocal term R~1F(0)R and obtained
power-law cosmological solutions a(t) = ag|t — to|*.

m It is worth noting that there is a solution a(t) = |t — tp| which
corresponds to Milne universe for k = —1.

m All presented solutions a(t) = ap|t — to|* have scalar curvature
R(t) = 6(a(2c — 1)(t — to) 72 + & (t — o) 72*), that satisfies
0
OR = gR?, where parameter g depends on .



Third case P = RP, Q = RY
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We investigate the model

S= / R 2A+RPJ-'(D)R‘7)\/_—g d*x.

Also, we assume p > q.



Third case P = RP, Q = RY
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We discuss only k = 0. Scale factor is chosen in the form

|
a(t) = ae 2", yeR

Hubble parameter and scalar curvature are given by

1 1 1
H(t):—gﬂa R(t) = 57(71“2—3)7 Roo = Z(V—R)
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OR” = pyR? — 2(4p = 5)y*R"™ — Zp(p — 1)7°RP2

From this relation it follows that operator [ is closed on the space of
polynomials in R of degree at most p. In the basis

Vp = ( RF RPL .. R 1 )T the matrix of [ is
p 5(5—4p)y 5p(1—p)y’ 0 .. 0
0  p-1  EH9-4p)yy i(1-p)p-20° 0
Mp =~ : : '
0 0 0 1 2
0 0 0 0 0
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. 0 . . .
matrix of operator R and e, are the coordinates of vector RP in basis
Vp.

Trace and 00 equation are transformed into
T =0, Z =0,
where

T = —2epvpeqFqvq + RWpg — 4% (R + )W), — 2y° W),

R — 4N
—51+252—7167TG ,
1 Y
Z = Eepvpequvq + Z(’y — R)W,q —y(R+7)W,,

Goo — A\
167G ’

1
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4 00 n—1 L
S = 572("? +7) Z fn Z &My DpvpeqMg =~ Dyvg,
n=1 1=0

oo

n—1
_ / n—/
S = E i ePMpVPequ V-
n=1 /=0
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Theorem

Forall p e N and g € N we have T +4Z = 4vZ'. Trace and 00
equations are equivalent.

Therefore, it is sufficient to solve only trace equation.

It is of a polynomial type, degree p + g in R, and it splits into

p+ q + 1 equations with p+ g + 1 "variables” f, = F(0), F(v), ...,
Fpy), F' (), - Fq).
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For p = q = 1, trace equation is satisfied iff v = —12A, F'(vy) =0



cnis MMTheorem
fvan Dimitrjevic Trace equation is satisfied for the following values of parameters p and q
(5= 1erc):

= p=2, q=L F(y) = 2N, F(2y) = 2N,

11293 5673
==, Fi(y) = -,
. p=2 g =2 Fy) = Sz, o) - e,
= 2T, Fi(y) = — B, F(2y) = -~
= p=3 q=1: Fly)= "CEEN, F(2) =~
F(31) =0, fo = =5, F/(y) = 20,
= p=3,q=2: Fly) = ®UGEEEO, F(2y) = 200N,
]:(37):—%2355’\) £ :_%ﬁgwm,
Fly) = -2, F(2y) = BEEey,



Summary, P=RP, Q=R9, peN, geN
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m We discuss the scale factor of the form a(t) = ap exp(— 5 t?)

m Trace and 00 equations are equivalent. Trace equation is of a
degree p+ g in R, so it splits into p + g + 1 equations over
p+ g+ 1 "variables” fy = F(0), F(¥), .... F(pvy), F'(), ...,
F'(q7).

m For p = g = 1 the system has infinitely many solutions, and
constants v and A satisfy v = —12A.

m For other values of p and g, there is unique solution, for any
v eR.

m We obtained solutions for 1 < g < p < 4.



Fourth case P(R) = (R+ Ry)™, Q(R) = (R+ Ry)™

We take that P(R) = (R + Ry)", Q(R) =(R+ Ro)"
|

G / ﬁ&é’\ +(R+ R)"F(O)(R + Ro)") /=& d*x.

Scale factor is in the form

a(t) = Atle nt



Fourth case P(R) = (R+ Ry)™, Q(R) = (R+ Ry)™
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where Ryp,r, mi n realne konstante.

Ansatz in the expanded for is

— 648mn?(2n — 1)?(2m —3n+1) =0,

—324n(2n — 1) (—ym + 6ymn* — 4ymn — mnRy + mRy + 2n°r — nr) = 0,
18n(2n — 1) (8v*m? — 13v*m + 12v°mn — 3ymRy + 24vynr + 6yr — 6rRy) = 0,
—273m — 243 mn® — 1473 mn 4+ 672mnRy 4 2v2mRy + 72v%n°r + 122 nr

— 24~ynrRy + 3v2r — 6yrRy + 3rR2 = 0,

-9 (4'y2m2 +~2m + 18y2mn — 3ymRy — 24ynr — 6yr + 6rR0) =0,

—*(r —ym)=0.

There are five solutions of the above system

r=my, n=0, RO:’y,m:%
r=my,n=0R=2 m=1
r=my, n=3%, Ro=37, m=1
r=my, n=3, R0:3'y,m:—%
r=my, n=2 Ry=1y m=3.
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Case n =0, m=
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g
167wG + 4G

10872 ~?

G 3

A ~?

167G E“r( J+7 () =0

2742
e
The solution of the above system is

l v l THAE
+12F(2)+6F(2) 0.

(1)_ 24y + A ,(1)_ 3N — 3y
2’7 768ynG’ 27 16727G’
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167G

The solution is
~y
(=

2

Trace and 00 equations split into the following systems:

+ cJ-'(%) —0,

)= -1
T 167G’

11y A N
487TG+47TG_ }_(2)_07
2
ey
onc 177 (5) =0,
gl AN oL oy
24:C  16n¢ T27 () =0
2
0 2y
oxc TSV /() =0
7
F(3)=0, A=—g.



Symmary, P(R) = (R+ Ry)™, Q(R) = (R + Ry)"
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m We take the scale factor in the form a(t) = At" exp(—75t2).
m Ansatz is in the form O(R + Ry)™ = r(R + Ro)™.

m Ansatz has five solutions, from witch four satisfy EOM.

m In case n =0, m = 3 there is unique solution in (%) and

F(3)-

mincasen=3% m= é there is unique solution in F(3) and
F'(%) where A = —£~.

m Incase n =2, m=—1 EOM have no solution.
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